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Abstract. In this study, we first develop some helpful generating functions for the Ja-
cobsthal and Jacobsthal-Lucas numbers. We have discussed generating functions for J,,
and jp, with just even and odd terms and generating functions for Jo,1, jon+1, JaJn+1,
Juin+1, ]% and j%, where J, and j, are nth Jacobsthal and Jacobsthal-Lucas numbers,
respectively. Using these generating functions, we have found sum formulas for square
Jacobsthal and Jacobsthal-Lucas numbers. Finally, we derive numerous useful convo-
lution formulas including Jacobsthal numbers and similar expressions for Jacobsthal-
Lucas numbers.
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1 Introduction

The integer sequences such as Fibonacci, Pell, Jacobsthal, and others play a significant role in
various branches of mathematics. The most famous integer sequences are the Fibonacci and
Lucas sequences which are defined for n > 2, by the following second order recurrences

Fo=F,1+F,» Fo=0F=1I (1.1)

and
L,=L,1+L,» Ly=2L =1, (1.2)

respectively. For more details and generalizations of these number sequences, the reader is
referred to [10], [14], [15], [20].
In [9], Horadam discussed the generalized Horadam numbers as follows

Wy = PWyy1 — Wy, (1.3)
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with wg = 2b and w1 = a + b for n > 0, where a,b, p and g are real numbers, usually integers.
The explicit or Binet formula for these numbers are as follows

1
=a p

where & and B are roots of characteristic equation A?> — pA +q = 0, so

P+ VP =4

Wy (Aa™ — BB"), (1.4)

A
_ P VP4
ﬁ_ 2 /
and
A=a+b—-2bB,
B=a+b—2bux.

For special cases, let p =1, = -2,a=1b=0and p =1,9 = —2,a = 0,b = 1, we get the
following recurrences

]n = Jn—l +2,]1’l—2/ JO = 0/]1 = 1/” Z 2/ (15)
and
jn =jn-1+2jn—2, jo=2j1=1n2=>2, (1.6)

these numbers are known as Jacobsthal and Jacobsthal-Lucas numbers, respectively, and have
applications in number theory, combinatorics, coding theory and even electrical engineering.
The characteristic equation of these sequences is x> — x — 2 = 0, along with the roots of « = 2

and § = —1, thus by using these roots the Binet-like or explicit formulas are
2" — (=1)"
], = é ) , (1.7)
and
jn=2"+(=1)%, (1.8)

respectively. Table (1.1) includes the first few terms of J, and j,,.

n|[0 123 4 5 6 7 8 9 10
Jo[0 1 1 3 5 11 21 43 85 171 341
jn|2 1 5 7 17 31 65 127 257 511 1027

Table 1.1: First few terms of J,, and j,.

For more details and relations about these sequences see [1], [3], [4], [7], [8], [9], [11], [16].
The Jacobsthal and Jacobsthal-Lucas sequences with negative indices are as

Jon= (—1)"“% (1.9)
and .
jou= (-1l (1.10)

21’[
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n |0 1 2 3 4 5 6 7 8 9 10
] o I -1 3 _5 ‘1 _2 4 _ & I/ _ 34
—n 2 1 8 16 32 64 128 256 512 1024

2 Y 5 _7 1z 31 e _127 257 511 1025

J—n 2 4 8 16 32 64 128 256 512 1024

Table 1.2: First few terms of J_,, and j_,.

respectively, [18]. Table (1.2) includes some of these numbers with negative indices.

In reality, generating functions are the hooks for sequences, making them very useful tools
for understanding sequence behavior. Therefore, it is simple to obtain the attributes of un-
known sequences by using these functions. Therefore, finding many of those functions for
a variety of sequences, including Jacobsthal and Jacobsthal-Lucas numbers, is our primary
objective in this study. For more details about generating functions see [2], [6], [19].

The generating functions for Jacobsthal and Jacobsthal-Lucas numbers, F(x) and G(x), respec-
tively, as follows

= X
F(x) = Z%)Jnx” Sl (1.11)
n=
and
= 2—x
G(X) = Zolnxn = m (112)
n=

The exponential generating functions are also important for sequences, for the Jacobsthal and
Jacobsthal-Lucas numbers, these functions are as follows

00 tn eZt _ e—f
fx) =) Jns = —s (1.13)
n=0 :
and
o= . 1 2% |
g(x) = Y jng =" +e, (1.14)
n=0 .

respectively. In [12], Jhala et al. introduced and studied a new generalization of the Jacobsthal
numbers and called these new numbers k-Jacobsthal numbers. For a positive integer k, the
k-Jacobsthal numbers Ji ,, are defined by the following recurrence relation

Jine1 = kJin +2Jkn—1, Jko = 0,Jk1 = 1, (1.15)

where n > 1. In [5], Campos et al. defined the k-JacobsthalLucas numbers ji, for n > 1 by
the recurrence relation of

jin+1 = Kjkn + jkn—1, iko = 2,jk1 = k. (1.16)

For k = 1, the usual Jacobsthal and Jacobsthal-Lucas numbers given by (1.5) and (1.6) can be
obtained. In [13], the author find the generating function for Ji ;,,+, as follows

. ]k,r + (_Z)r]k,a—rx

"= 1.17
r;)]k,anﬂ’x 1 _jk,ax + (—2)“3(2’ ( )
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where, ji ,, is the n'" k-Jacobsthal-Lucas number. For the various values of 2 and r and assum-
ing k = 1, the following generating functions for Jacobsthal numbers can be obtained

(o] " x
S S 1.1
n;)]z”x 1— 5x + 422 (1.18)
d 1—2x
no X 1.19
,1;0]2”“’“ 1—5x + 422 (1.19)

The generating functions given in (1.18) and (1.19) have all powers of x, but in the second
section of this paper, by utilizing the generating functions given in (1.11) and (1.12), we will
derive the generating functions just with even and odd powers of x for J»,, jou, Jont1 and
jant1, that is the generating functions of the form Yoo (J2,x2", Yoo (jonx®", Yoo Jons1x2" T
and Y% (jonr1x2"*1. In the rest of second section, we will obtain the generating functions
for the squares and product of Jacobsthal numbers, that is the generating functions for J2 and
JnJn+1, as well as corresponding equations for the Jacobsthal-Lucas situation. The third section
will look at summing formulae for the squares of the Jacobsthal and Jacobsthal-Lucas numbers
using generating functions of sequences, which are cataloged in the Online Encyclopedia of
Integer Sequences [17] as A024000 and A003683. In the final section, we will look at several
important convolution formulas that use both Jacobsthal and Jacobsthal-Lucas numbers.

2 Generating functions with even and odd terms for J,,, J2,+1 and
generating functions for J2, J,J,.11

In this section, we shall find generating functions involving even and odd terms for J,, and
Jon+1 and generating functions for J% and J,,J,+1 as well as related formulas for the Jacobsthal-
Lucas situation.

Theorem 2.1. The generating function of just even powers of x, for even terms of Jacobsthal sequence
Jon is given by

x2

— . 2n _
Pe(x) - HXZ%)JZVIX - 1 _5x2 +4x4‘ (2‘1)

Proof. By using Equality (1.11) we have that

S(FG) + (=) = 1 Jand®,
n=0

on the other hand

F(x)+ F(—x) = =
1 —5x2 4xt’
therefore )

- 2n __ X
ngob”x 1 —5x2 + 444

O
Corollary 2.2. The generating function of jo, just with even powers of x is given as follows
- 2 — 5x2
. 2n
G =) = . 2.2
() n:0]2nx 1 —5x2 + 4x* 22)
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Proof. The proof can be done similarly to Theorem (2.1), by using (1.12). O

Theorem 2.3. The generating function of odd powers of x, for odd terms of the Jacobsthal sequence
Jous1, is given by

1) 3
_ il _ X —2X
Fo(x) = ngolznﬂx RIS 2.3)
Proof. By using Equality (1.11), we have that
1 (o]
5 (F(x) = F(=x)) = }_ Jant22™"*,
n=0
on the other hand
2x —4x3
F(x) —F(—x) = ——————,
() =F(=%) = 752
therefore 3
> i1 X —2x
= Joni1x™ = 75 + 4xt’
O

Corollary 2.4. The generating function just with odd terms of Jacobsthal-Lucas numbers jo,11 is given
by

v a1 x+2x°
Go(x) = ngolznﬂx = 152 1 4xh (2.4)
Proof. The proof can be done similar to Theorem (2.3), by using (1.12). m|
Theorem 2.5. The generating function for squares of Jacobsthal numbers J2, is as follows
& x — 2x?
¢ _ 2.m . 2.5
(x) ng()J”x 1—3x — 6x2 + 8x3 @5)

Proof. Lett, = J2 for n > 0, then few terms of t, are as follows
0,1,1,9,25,121,441,1849,7225,29241, ...,
it can be easily verify that t, follow the recurrence relation of
thy =3t,_1 +6t,_o —8t,_3,n>3

with initial values of tp = 0,; = t = 1. Now, let t(x) be generating function of t,, then

by adding these equations we obtain

f(x) = x —2x2
- 1—3x—6x2+8x3
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Corollary 2.6. The generating function of squares of Jacobsthal-Lucas numbers j2 is as follows

i o 4 —11x — 22
:]” ~ 1—3x—6x2+8x3

Proof. Let s, = j2, then the sequence of s, is as follows
4,1,25,49,289,961,....
This sequence follows the recurrence relation of
Sy =358,.1+68,_2—8s5, 3;,n>3
with initial values of s) = 4,51 = 1,5, = 25. Let s(x) be generating function of s,, then

=4+ x +25x% +49x> + 289x* + ..
—12x — 3x? — 75x° — 147x* — ...
—24x? — 6x° — 150x* —
32x% + 8x* + ...

s(x
—3xs(x
—6x%s(x
8x%s(x

)
) =
) =
) =

by adding these equations we obtain

s(x)— 4 —11x — 242
1 —3x—6x2+8x3

O

Theorem 2.7. The generating function for product of consecutive Jacobsthal numbers J,J,41, is as

follows
ad X
_ no_ )
x) = ;;)J"J”Hx 1—3x — 6x2 +8x3

2.7)

Proof. By using definition of Jacobsthal numbers we have
o1 =1 = 2udusi + T
then
2 I = L Tind"+ 3 S =4 L o
n=0 n=0 n=0 n=0

% —|—Z] —4<xi1§x”+12_1>
n n=0

1 x — 2x2 1
il —4(=
(x ) <1—3x—6x2+8x3> <4)

1—3x—6x2—|—8x3'

O

Corollary 2.8. The generating function for the product of consecutive Jacobsthal-Lucas numbers
jujn1, is as follows
3 2 — x+8x
= L = - 2.
x) n;)]n]nﬂx a6 £ 8.0 2.8)
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Proof. By using (1.6), we have that

4j;21—1 = ]%H = 2jujn+1+ ]%/

then
2 jnjnx” = ) japx Yt -4 ) g
n=0 n=0 n=0 n=0

1 (&, ] > > ]
= (ZJ%X”-J%) +Zlix”—4<xxlix”+12_1)
n=0 n=0

n=0
1 4—11x —2x? 4 1
—(-+1-4 T
<x+ x) (1—3x—6x2+8x3> x (4)
4 —2x + 16x?

1—3x —6x2+8x%°

3 Summation formulas for the squares of Jacobsthal and Jacobsthal-
Lucas numbers

In this section, by using generating functions, we will derive formulas for Y}_,J? and Y}_,j>.
Theorem 3.1. For the n'" Jacobsthal number J,,, we have that

n
1
Y JE =5+ n). (6.1
k=0
Proof. Let a, and b, be sequences, entry A024000 and A003683 in [17], respectively, and de-
fined as follows
a, =1—n, (3.2)

and
b, =2"71],. (3.3)
It can be easily verified that the generating functions of (3.2) and (3.3) are as follows

1-—2x
R

and
X

(1+2x)(1 —4x)’

b(x) =

respectively. Then

o] [ee]

a(x)b(x) = ) apx" ) bpx"
n=0 n=0
i (i ukbnk> x"
n=0 \k=0

(i(l - k>z"“1nk>

k=0

|
gk

Il
=}

n
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On the other hand
1—2x X
b(x) —
") = Ao A 1o [ = 4y)
1 1 4 4
_ 9 B 9 27 4
(1-x2 (1—x) 142x 1—4x
:li Tl+1 li ii 1)n2nxn+424nxn
9 n=0 9 n=0 27 n=0 27 n>0
1 ()
==Y (2"), + n)x"
9 n=0
Therefore

Y- (1- K2 = 5 (272, ),
k=0

few first terms of Yp_o(1 — k)2" 1],y and ¥}, J? are as follows

0,1,2,11,36,157,598,2447,9672, ...,

and
0,1,2,11,36,157,598,2447,9672, ...,

respectively. One can verify that both of the above sequences follow the recurrence relation of
Xy =4x, 1 +3x, o —14x, 3+8x, 4;,n>4

with xg = 0,x; = 1,x2 = 2 and x3 = 11, then for every non-negative integer n,
n k n
Z(l - k)zn_ _1Jn—k = EJ%/

k=0 k=0

finally
2 ]2 27’l+21 4 Tl)

O
Corollary 3.2. Let j, be the nth Jacobsthal-Lucas number, then
< 2 1 n+2.
Z]k:n—l—l—i—g(l—l—Z jn)- (3.4)
k=0

Proof. By using (1.8) we have that

1=
—
=N
I
1=
—
N
=
+
—~
|
—_
~—
=~
~—
N

T
<}
=~
I

=}

I
D=
s

+
N
D=

®
+
g
=

T
=}
T
o
-
Il

o

by using sums of geometric series and (1.8) we get the result. m]
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4 Some convolution formulas for Jacobsthal and Jacobsthal-Lucas
numbers

This section will derive convolution formulae for Jacobsthal numbers using generating func-
tions; the same methodology will also be applicable to Jacobsthal-Lucas numbers to get anal-
ogous formulas.

Theorem 4.1. Let J,, be the n'" Jacobsthal number, then

< 1
Y Tk = g (1 —Ja). (1)
k=0

Proof. From Equality (1.11) we have that

F(x) = i ( ) ]k]nk) x".
k=0

n=0 =
On the other hand,
2 -3 LY
F(x):<x+1 _2x+1>
1o 11 21 2
T 9(x+1)2 T 9(—2x+1)2 27 \x+1 -2x+1
1 & 1 & 2 i =]
— § Z(_l)n<7’l + 1>le —|— § Z(n + 1)27’1x1’l _ ﬁ (Z(_l)nxn + Z 2n+1xn>
n=0 n=0 =0 =
=Y s [+ 2y -3 ((~yr 2 )
n:09 3 ( )

therefore
n 1 1 " 1.,
Taie=g (e 0"+ - 520).

By using Equalities (1.7) and (1.8) we obtain

n 1 .
Z JiJn—k = 9 (n]ﬂ - Jn) :
k=0
O
For example Z?:o JiJ5—x = 16 as shown in Figure (4.1).
Corollary 4.2. Let j, be the n'* Jacobsthal-Lucas number, then
o 7.. 2
Y ikdnk = (n+ 3)in = 3(=1)" (4.2)
k=0

Proof. From Equality (1.12) we have that

G3(x) = i (fjkjnk> X",

n=0 \k=0
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O0x11+1x541x34+3x14+5x14+11x0=16
Figure 4.1: Sum of Zg:o JiJ5—k-

On the other hand,

1 1 2 4
Gr2 T2 T3 3 -1

=Y (-D)"(n+1)x"+ ) (n+1)2"x" + % Y (1) + % Y 2"
n=0 n=0

n=0

therefore
" o« . n n 2 n 4 n
Y jkink = (n+ 12"+ (=1)") + 3 (=1)" + 32"
k=0

By using (1.8) we get the result.

Theorem 4.3. The following convolution identity holds for Jacobsthal numbers

1 1
Y Toddon—ok = 5 ((n+1)jon — 2J2n42) -
k=0

Proof. By using the generating function given by Equality (2.1), we have

=) (ZJZk]Zn—Zk) X
n=0

On the other hand
S T N
Fe(x)" = <1 2711 —4x2>
11 2 1 L1
9(1—x2)2 9(1—x2)(1—4x2) ' 9(1—4x2)2
1 2 & 1
=5 L (1) =5 Y Jouax® 4 5 Y 4" (n+ 1)
9 n=0 9 n=0 9 n=0
1
=2 g (M+1)(4" +1) = 2Jan2) ",
n=0
therefore
n 1 )
Y JoJon—ok = 5 ((n+1)jon — 2J2ns2) -
k=0

49
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=)

0 1 5 21 85 341
N o—
O0x341+1x85+5%x21+21x5+85x1+341 x 0= 380

Figure 4.2: Sum of 2,220 JorJ10—2k-

For example Z?:o JokJ10—2c = 380 as shown in Figure (4.2).

Corollary 4.4. For Jacobsthal-Lucas numbers, the following identity holds

n
Y jorion—ak = 2Jous2 + (1 + 1)jon. (4.4)
k=0

Proof. By using the generating function given by Equality (2.2), we have

<) n
Ge(x)* =) (Zizﬂ%zk) X,
k=0

n=0
On the other hand
1 1 \?
2
Ge(x)" = (1 —x2 1 —4x2>
B 1 n 2 n 1
(1—x2)2  (1—x2)(1—4x2) (1—4x?)?
=Y (n+Dx* 42 Jouox™ + Y 4" (n+1)x*"
n=0 n=0 n=0
=Y (n+1)(4" +1) +22n2) ¥,
n=0
therefore

n
Y iokian—ak = (14 1)jan + 2Jout2.

k=0
|
Theorem 4.5. For the n'* Jacobsthal number J,,, we have
n 1 .
Y Joks1Jon—2ki1 = ) ((n+1)jon +4J2ns2) - (4.5)
k=0

Proof. The generating function for J,,41 is the odd function of F,(x) which is given by (2.3)
and

n=0 —

Fp(x)> =) (Z]Zk+1]2n2k+1> X212,
k=0
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And

x2 + 4 x2 +é x2
(1—x2)2 9(1-— x2)( —4x%) 9 (1 — 4x2)2

Z Tl+1 211+2_|_ 212n+2x271+2+ 241’! 7’l+1) 2n+-2

n=0 nO nO

:i;(”+l (4" + 1) + 4J2ur 2) X2,

therefore

n
1 .
Y Joks1Jon—2k41 = 5 ((n+1)jons2 +4Jony2) -
kf

For example Zgzo Jok+1J10—2k+1 = 3338, as shown in Figure (4.3).

=

1 3 11 43 171 683
N o—

1-683+3x171411 x 43 +43 x 11+ 171 x 34683 x 1 = 3338

Figure 4.3: Sum of Z%:o Joks1J10—2k+1-

Corollary 4.6. Let j, be the nth Jacobsthal-Lucas number, then

n

Y jokstion-2ks1 = (14 1)j2n — 4Jons2- (4.6)
k=0

Proof. The generating function for jy,+1 is the odd function of G,(x) which is given by (2.4)

and
<) n
Go(x)* =) <2j2k+lj2n2k+l> X212,

And

x2 4x? + 4x?
(1—x2)(1—4x2)  (1—4x2)2

[e0] 0] [e0]
— 2 (1’1 + 1)x2n+2 +4 E Jzn+2x2n+2 + Z 4n+1 (1’1 + 1)x2n+2
n=0 n=0 n=0

-y ((n+ 1)@ +1) + 4000 ) 272,
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therefore

n
Y JokiiJon-oki1 = (1 + Djansa + 4louta.
k=0

O
Theorem 4.7. For the n'* Jacobsthal number J,,, we have
n 1 .
Y JoJon—2ks1 = ) ((n+ Djans1 = Jan+2) - (4.7)
k=0
Proof. From (2.1) and (2.3), we have that
[eo) n
F(x)Fy(x) = Y | Yo JadJan—aiks | ¥*"F
n=0 \k=0
On the other hand
1 X 2x X
F.(x)F, =—— —
e(0)Fo(x) = =3 <(1 ) R R Pe A g 4x2)>
1 (o] [ee] [ee]
- _ - (Z(n + 1)x2n+1 ) 2 4”(71 + 1)x2n+1 + Z J2n+2x2n+1>
9 n=0 n=0 n=0
1 [ee]
=79 Y (n+1)(1—2-4") +Jaup2) x>,
n=0
therefore
n 1 ]
Y Doddon—oks1 = ) ((n+Djons1 —Jaus2) -
k=0
O
For example Zi:o JorJ10—2k+1 = 1213, as shown in Figure (4.4).
S
0 1 1 3 5 11 21 43 85 171 341 683
— e
0-683+341-1+1-171485-3+45-43+4+21-11 =1213
Figure 4.4: Sum of Z,E:O JorJ10-2k41-
Corollary 4.8. For the n'" Jacobsthal-Lucas number j,, the following identity holds
n
Y ikizn-2k41 = (n+ Djansr + Janto- (4.8)

k=0
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Proof. From (2.2) and (2.4), we have that

Ge(x)Go(x) = i <ij2ki2n—2k+l> X2

n=0 \k=0
On the other hand
x 2x X
Ge(x)Go(x) = — 1 x2)2 + (1—4x2)2 + (1—x2)(1 — 4x2)
SR MURVESAEED DYUURSIECRE o) Sty
n=0 n=0 n=0
- Z (n+1)(2-4" — 1) + Joura) 22",
n=0

therefore

n

Y jodon-o2kr1 = (14 Djant1 + Jansa-

k=0
O
Theorem 4.9. Let J,, be the n'™* Jacobsthal number, then
Z 1252 (n2"2(=1)" + (n+ 1)jon — 2) . (4.9)

Proof. By using Equality (2.5) we have that

2oy (ZJkln k>

n=0
And
t(x)z—l 2 n 4 4 n 1
81\ (1—-x)2 1-—x (1+2x)2 1+2x (1—4x)?
1 (o) oo [ee]
81(72) (n+1)x" —ZZx —1—41;) (n+1)(—1)"2"x" — 4 ; ”2”x”—|—y§](n—|—1)4”x”)
=1
=Y — (m2"(-1)"+ 4"+ 1)(n+1)—2)x",
= 81
therefore

Z]kln k= 2n+2< 1)n + (7’1 + 1)j2n — 2) .

For example 22:0 Jiléfk = 68, as shown in Figure (4.5)

Corollary 4.10. For the n'"* Jacobsthal-Lucas number j,, the following identity holds

1 2
Z Jifn—x = (n+Djzg + 277 ((—U”(ﬂ +2)+ 32”> +3 (4.10)
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02-112+12-524+1%2-32+32.124+5%.12 +112- 0> = 68

Figure 4.5: Sum of Z%:o ]i]g_ B

Proof. By using Equality (2.6) we have that

-y (fiiiﬁk) v

n=0 \k=0
And
1 2 1 \?
2 __
() _<1—x+1+2x+1—4x>
LI 5 . S S S— 5
T 1—x2 1—x (1+2x)2 1+2x  (1—4x)2  1-—4x
=Y (n+1)x"+3 Zx +4Z n+1)(=1)"2"x" +4 ) (=1)"2"x" + ) (n+1)4"x"
n=0 nO n=0 n=0 n=0
16 &
?249(,
n=0
therefore

2
E ]k]n k= I’l + 1)j2n _|_2n+2 ((—1)n(l’l —|—2) + 2”) + —.

5 Conclusions

For comprehending sequences, generating functions are incredibly helpful tools. For other
sequences, such as Jacobsthal and Jacobsthal-Lucas numbers, we investigated these functions.
In addition to generating functions for squares and Jacobsthal and Jacobsthal-Lucas num-
ber products, a few generating functions that just include even and odd terms have been
addressed. Additionally, we found a variety of useful summing formulas for squares of Ja-
cobsthal and Jacobsthal-Lucas numbers utilizing generating functions. For these numbers,
certain convolution formulas have been found using a very straightforward method, and we
also offer schematic diagrams to help reader better understand these convolutions. Almost all
of these result obtained by using generating functions quite easily.
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