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Abstract. In this paper, we introduce non-homogeneous weighted Besov-type spaces
and non-homogeneous weighted Triebel-Lizorkin-type spaces. We then establish their
characterizations in terms of local means and prove some remarkable embeddings.
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1 Introduction

The Besov and Triebel-Lizorkin spaces are classes of function spaces containing many well-
known classical function spaces such as Lebesgue spaces Lp, Hardy spaces Hp [8], BMO
spaces, Sobolev spaces, etc.

A comprehensive treatment of these function spaces and their history can be found in
Triebel’s monographs [29, 30] and in the fundamental paper by M. Frazier and B. Jawerth [6].

Such spaces play an important role in various fields of analysis such as harmonic analysis
and partial differential equations. For instance, Morrey [23] studied the local regularity of
solutions of some partial differential equations in an appropriate space, called Morrey space.
This local regularity of solutions is more precise than in the familiar Lebesgue spaces.

Over the past decades, classical operators in harmonic analysis, such as maximal, singu-
lar, and potential operators, have been extensively studied in both classical and generalized
Morrey spaces. For more details, see [13–20, 27] and the references therein.

In recent years, there has been increasing interest in a new family of function spaces
introduced by Dachun Yang and Wen Yuan [36, 37], called new classes of Besov and Triebel-
Lizorkin spaces. These spaces unify and generalize many classical spaces such as Q spaces,
Besov spaces, Triebel-Lizorkin spaces, Morrey spaces and Triebel-Lizorkin-Morrey spaces (see
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[32][Section 1.4] and references in [36]). From then on, these spaces received a lot of attention;
various properties and characterizations of Besov-type and Triebel-Lizorkin-type spaces were
studied in [21, 22, 33, 34, 38–40].

The present paper follows the spirit of Yasuo Komori and Satoru Shirai [18] and aims to
further develop the ideas of Dachun Yang and Wen Yuan [36, 37].

2 Some background tools

All notations used in this work are standard or will be defined when introduced.

A function w is termed a weight if it is almost everywhere positive and locally integrable
in Rn. Let w be a weight and 0 < p < ∞, we say that f ∈ Lp(w) if and only if

|| f ||p,w =

(∫
Rn

| f (x)|pw(x)dx
) 1

p

< ∞. (2.1)

A non-negative locally integrable function w is said to be in the Muckenhoupt classes
Ap, 1 < p < ∞ if there exists a constant Cp > 0 such that for all cubes Q,

1
|Q|

∫
Q

wdy
(

1
|Q|

∫
Q

w1−p′dy
)p−1

≤ Cp (2.2)

when 1 < p < ∞, 1
p +

1
p′ = 1, and for p = 1,

1
|Q|

∫
Q

wdy ≤ C1w(x), (2.3)

for a.e. x ∈ Q, or equivalently Mw(x) ≤ C1w(x) for a.e. x ∈ Rn, where M is the Hardy-
Littlewood maximal operator defined, for a locally integrable function f , by

M f (x) = sup
x∈Q

1
|Q|

∫
Q
| f (y)|dy, (2.4)

where the supremum is taken over all cubes containing x. We set A∞ = ∪p≥1 Ap.

We note that the classes Ap characterize the boundedness of the Hardy-Littlewood maxi-
mal operator M on the weighted Lebesgue spaces (see [9], Ch. IV). Namely,

M : Lp(w) → Lp(w) (2.5)

if and only if w ∈ Ap when 1 < p < ∞, and

M : L1(w) → L1,∞(w), (2.6)

if and only if w ∈ A1.
Lq,∞(w) denotes the space of all measurable functions f such that

sup
λ>0

(w {x ∈ Rn : f (x) > λ})
1
q < ∞.

We recall the following important properties of Ap classes, see for instance [1, 7, 9].
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Lemma 2.1. Let w ∈ Ar0 . Then there exist 0 < δ < 1 and C > 0 such that every time we have a
measurable subset A of a cube Q, the following "δ-reverse doubling" inequality holds

w(A)

w(Q)
≤ C

(
|A|
|Q|

)δ

(2.7)

and also the following "r0-doubling" inequality holds

w(Q)

w(A)
≤ C

(
|Q|
|A|

)r0

. (2.8)

Moreover, if 1 < p < ∞, 1 < q ≤ ∞ and w ∈ Ap, then there exists a positive constant C
such that for all sequences { fk}k∈Z of locally integrable functions on Rn, we have the well-
known Fefferman-Stein vector-valued inequality, see [12],

∫
Rn

(
∑

k∈Z

[M fk(x)]q
)p/q

w(x)dx ≤ C
∫

Rn

(
∑

k∈Z

| fk(x)|q
)p/q

w(x)dx. (2.9)

Remark 2.2. If w ∈ Ap, then w−1/(p−1) ∈ Ap/(p−1) and satisfies the same "δ-reverse doubling"
inequality. Throughout this work, w will be a fixed weight in A∞ and we denote by r0 the
number r0 = inf{s > 0 : w ∈ As}. If we choose 0 < r < p/r0, 0 < p < ∞, then, in particular,
w ∈ Ap/r and w−r/(p−r) ∈ Ap/(p−r). The symbol δ represents the same reverse doubling
constant for both w and w−r/(p−r).

The reverse condition is known as the A∞-condition and the class of weights w satisfying
the A∞-condition is denoted by A∞. It is well known that A∞ = ∪p≥1Ap, which motivates the
notation A∞, see for instance [9, Corollary 2.13, pp. 403-404].

We will use often the following well-known results.

Lemma 2.3. Let f be any measurable function in Rn and λ > n. Then

∫
Rn

f (z)
(

1 +
|x − z|

t

)−λ

dz ≤ Ctn M f (x)

for any t > 0.

Lemma 2.4. Let w ∈ Ap, 1 < p < ∞. Then we have the following Bp-condition

∫
Rn

w(z)
(

1 +
|x − z|

t

)−np

dz ≤ C
∫
|x−z|<t

w(z)dz

for any t > 0 and x ∈ Rn.

Let S(Rn) be the space of all Schwartz functions on Rn with the classical topology gener-
ated by the family of semi-norms

||ν||k,N = sup
x∈Rn

sup
|β|≤N

(1 + |x|)k |∂βν(x)| k, N ∈ N0, ν ∈ S(Rn).

The topological dual space, S ′(Rn), of S(Rn) is the set of all continuous linear functionals
S(Rn) −→ C endowed with the weak ?-topology.
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The Fourier transform, Fν = ν̂, of a Schwartz function ν is defined by

ν̂(ξ) = (2π)−n
∫

Rn
e−iξ·xν(x)dx.

The convolution of two functions ν, µ ∈ S(Rn) is defined by

ν ? µ(x) =
∫

Rn
ν(x − y)µ(y)dy

and still belongs to S(Rn).

The convolution operator can be extended to S(Rn)× S ′(Rn) via ν ? f (x) = 〈 f , µ(x − ·)〉.
It makes sense pointwise and is a C∞ function in Rn of at most polynomial growth.

To simplify notation, we write often ν f = ν ? f . In some other situations, to avoid confu-
sion, we keep the notation ν ? f . We also set νt(x) = t−nν(x/t) and ν2−j(x) = νj(x). Recall that
ην,m = 2nν(1 + 2nν|x|)−m, for any x ∈ Rn, ν ∈ N and m > 0. It is well known that ην,m ∈ L1

when m > n and that ||ην,m||L1 = Cm is independent of ν.

Throughout the whole paper, we denote by C a positive constant which is independent
of the main parameters, but it may vary from line to line, while C(a, b) denotes a positive
constant depending on the parameters a, b. The symbols A � B means that A ≤ CB for
some positive constant C. If A � B and B � A, then we write A ' B. χE will denote
the characteristic function of the set E. For j ∈ Z and k ∈ Zn, we set Qjk the dyadic cube
2−j([0, 1)n + k). Let Q = {Qjk : j ∈ Z, k ∈ Zn} and Qj := {Q ∈ Q : l(Q) = 2−j}. For any
Qj ∈ Q, we let jQ be − log2 l(Q), l(Q) its side length, xQ its lower left-corner 2−jk. We set also
j ∨ 0 = max(j, 0).

Definition 2.5. Let µ, ν be in the Schwartz space. We say a pair (µ, ν) of functions is admissible
if µ, ν ∈ S(Rn) satisfy

supp µ̂ ⊂ {ξ ∈ Rn : |ξ| ≤ 2}, µ̂ ≥ c > 0 when |ξ| ≤ 5
3

, (2.10)

supp ν̂ ⊂ {ξ ∈ Rn : 1/2 ≤ |ξ| ≤ 2}, ν̂ ≥ c > 0 when
3
5
≤ |ξ| ≤ 5

3
. (2.11)

Definition 2.6. Let w ∈ A∞, 0 < p, q ≤ ∞, 0 ≤ τ < ∞ and γ ∈ R. The inhomogeneous
Triebel-Lizorkin space Fγ,τ

p,q,w is the set of all distributions f (modulo polynomials) such that

|| f ||Fγ,τ
p,q,w

' sup
Q∈Q

1
[w(Q)]τ

∫
Q

(
∞

∑
j=jQ∨0

2jγq|νj f |q
) p

q

w(x)dx


1
p

. (2.12)

The inhomogeneous Besov-Lipschitz space Bγ,τ
p,q,w is the set of all distributions f (modulo

polynomials) such that

|| f ||Bγ,τ
p,q,w

' sup
Q∈Q

1
[w(Q)]τ

[
∞

∑
j=jQ∨0

(∫
Q
|2jγνj f |pw(x)

) q
p

dx

] 1
q

. (2.13)

With standard modifications when p = ∞ or q = ∞. Here and in the rest of this paper ν0 is
understood as µ. For simplicity, in what follows, we use Aγ,τ

p,q,w to denote either Bγ,τ
p,q,w or Fγ,τ

p,q,w.
The most familiar case, the classical Besov spaces Bγ

p,q,w and Triebel- Lizorkin spaces Fγ
p,q,w, are

realized by letting τ = 0. Moreover, it is well known that the spaces Aγ
p,q,w are independent of

the choices of ν, see, for example [2–4, 6].
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Proposition 2.1. Let BJ be any ball of Rn with radius 2−J . In the definition of the spaces Aγ,τ
p,q,w,

if we replace the dyadic cubes Q by the balls BJ , then we obtain equivalent quasi-norms.

See Appendix for the proof.

3 Maximal functions and local means characterization

We define, for λ > 0, the Peetre maximal function ν?t,λ f (x) by

ν?t,λ f (x) = sup
y∈Rn

|νt f (y)|
(

1 +
|x − y|

t

)−λ

.

We now present a fundamental characterization of the spaces under consideration.

Theorem 3.1. Let γ ∈ R, τ ≥ 0, 0 < p, q ≤ ∞ and let (µ, ν) be a pair of admissible functions.
If λ > n

min(p,q) + nτr0, then f ∈ Fγ,τ
p,q,w if and only if

|| f ||Fγ,τ
p,q,w

' sup
Q∈Q

1
[w(Q)]τ

∫
Q

(
∞

∑
j=jQ∨0

2jγq|(ν?j f )λ(x)|q
) p

q

w(x)dx


1
p

,

and if λ > n
p + nτr0, then f ∈ Bγ,τ

p,q,w if and only if

|| f ||Bγ,τ
p,q,w

' sup
Q∈Q

1
[w(Q)]τ

( ∞

∑
j=jQ∨0

∫
Q
|2jγ(ν?j f )λ(x)|p

) q
p

w(x)dx


1
q

.

To prove Theorem 3.1, we need the following well-known lemma, see for instance [31].

Lemma 3.1. Let (µ, ν) be a pair of admissible functions, f ∈ S ′(Rn) and N ∈ N. Then for all
t ∈ [1, 2], N ≥ λ, j ∈ Z+ and x ∈ Rn

|(ν?2−jt f )λ(x)|r ≤ C
∞

∑
k=j

2−(k−j)(Nr−n)2jn
∫

Rn
|ν2−kt f (z)|r(1 + |x − z|2j)−λrdz

where r is an arbitrary fixed positive number and C is a positive constant independent of ν, f , j, x and
t, but may depend on r.

Proof of Theorem 3.1. We only prove the first estimate of Theorem 3.1; the proof of the second
estimate is similar.

Since |νj f (x)| ≤ |ν?j f (x)|, it is enough to prove

sup
Q∈Q

1
[w(Q)]τ

∫
Q

(
∞

∑
j=jQ∨0

2jγq|ν?j,λ f |q
) p

q

w(x)dx


1
p

� || f ||Fγ,τ
p,q,w

.

By Lemma 3.1 we see that
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|(ν?j f )λ(x)|r ≤ C
∞

∑
k=j

2−(k−j)(Nr−n)2jn
∫

Rn
|νk f (z)|r(1 + |x − z|2j)−λrdz = I1j(x) + I2j(x),

with

I1j(x) =
∞

∑
k=j

2−(k−j)(Nr−n)2jn
∫
|x−z|≤2−jQ

|νk f (z)|r(1 + |x − z|2j)−λrdz

and

I2j(x) =
∞

∑
k=j

2−(k−j)(Nr−n)2jn
∫
|x−z|>2−jQ

|νk f (z)|r(1 + |x − z|2j)−λrdz.

Step 1. For I1j(x), by Lemma 2.3, we find

I1j(x) ≤C
∞

∑
k=j

2−(k−j)(Nr−n)2jn
∫

Q?
|νk f (z)|r(1 + |x − z|2j)−λrdz

≤C
∞

∑
k=j

2−(k−j)(Nr−n)M (χQ? |νk f |r) (x),

where Q? = cnQ is chosen so that {|x − z| ≤ 2−jQ} ⊂ Q? for all x ∈ Q. Choose 0 < r < min(p, q),
then by the vector Fefferman-Stein inequality and a discrete version of the Hardy inequality

∑
j

2jθ

(
∞

∑
k=j

|bk|
)η

≤ c ∑
j

2jθ |bj|η (η > 0, θ > 0)

which we apply with θ = q(N + γ − n/r) and η = q/r, we have by taking N > n/r − γ

1
[w(Q)]τ

∫
Q

(
∞

∑
j=jQ∨0

2jγq|I1j(x)|q/r

)p/q

w(x)dx

1/p

� 1
[w(Q)]τ

∫
Q

 ∞

∑
j=jQ∨0

[
∞

∑
k=j

2−(k−j)(Nr−n+γr)2kγr M (χQ? |νk f |r) (x)

]q/r
p/q

w(x)dx


1/p

� 1
[w(Q)]τ

∫
Q

 ∞

∑
k=jQ∨0

[
2kγr M (χQ? |νk f |r) (x)

]q/r

p/q

w(x)dx


1/p

� || f ||Fγ,τ
p,q,w

.

Step 2. For I2j(x), in order to ensure the convergence of the series that will be considered below, we
assume that λ > n/ min(p, q) + nτr0. In this case there exist 0 < r < min(p, q) and ϵ > 0 such
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that nτr0 < ϵ < λ − n/r. Then we have

I2j(x) =
∞

∑
k=j

2−(k−j)(Nr−n)2jn
∫
|x−z|>2−jQ

|νk f (z)|r(1 + |x − z|2j)−λrdz

�
∞

∑
k=j

2−(k−j)(Nr−n)
∞

∑
m=1

2−mϵr2jn
∫
|x−z|<2−jQ+m+1

|νk f (z)|r(1 + |x − z|2j)−λr+rϵdz

�
∞

∑
k=j

2−(k−j)(Nr−n)
∞

∑
m=1

2−mϵr M(χ2m+1Q|νk f (x)|)r.

Arguing as before we get

1
[w(Q)]τ

∫
Q

(
∞

∑
j=jQ∨0

2jγq|I2j(x)|q/r

)p/q

w(x)dx

1/p

�
(

∞

∑
k=j

2−(k−j)(Nr−n+rγ)
∞

∑
m=1

2−mϵ [w(2m+1+nQ)]τ

[w(Q)]τ

)1/r

|| f ||Fγ,τ
p,q,w

�
(

∞

∑
m=1

2−mϵ+mnτr0

)1/r

|| f ||Fγ,τ
p,q,w

� || f ||Fγ,τ
p,q,w

,

since ϵ > nτr0. □

Definition 3.2. Let 0 < p < ∞, 0 < q ≤ ∞, 0 ≤ τ < ∞ and w ∈ A∞. The space Lτ
p,w(lq) is

defined to be the set of all sequences g = (gj)j∈N0 of measurable functions on Rn such that

||(gj)j∈N0 ||Lτ
p,w(lq) = sup

Q∈Q

1
[w(Q)]τ

∫
Q

(
∞

∑
j=jQ∨0

|gj(x)|q
)p/q

w(x)dx

1/p

< ∞.

The space lq(Lτ
p,w) with 0 < p, q ≤ ∞ is defined to be the set of all sequences g = (gj)j∈N0 of

measurable functions on Rn such that

||(gj)j∈N0 ||lq(Lτ
p,w)

= sup
Q∈Q

1
[w(Q)]τ

[
∞

∑
j=jQ∨0

(∫
Q
|gj(x)|pw(x)dx

)q/p
]1/q

< ∞.

We need the following lemma which is a generalization of Lemma 2 in [24].

Lemma 3.3. Let r0 ≥ 1, w ∈ Ar0 , 0 < q ≤ ∞, 0 ≤ τ < ∞. Let a > nr0τ and b > 0. For any
sequence g = {gj}j∈Z of measurable functions on Rn, consider

Gj(x) =
j

∑
ν=0

2−(j−ν)agν(x) +
∞

∑
ν=j+1

2−(ν−j)bgν(x).

Then there exists a positive constant C, independent of g, such that for all 0 < p < ∞,

||(Gj)j∈N0 ||Lτ
p,w(lq) ≤ C||(gj)j∈N0 ||Lτ

p,w(lq) (3.1)

and for all 0 < p ≤ ∞,
||(Gj)j∈N0 ||lq(Lτ

p,w)
≤ C||(gj)j∈N0 ||lq(Lτ

p,w)
. (3.2)
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Proof. Let us prove 3.1. The proof of 3.2 is similar and we omit the details. Let Q be a dyadic
cube chosen arbitrarily and set

IQ =
1

[w(Q)]τ

∫
Q

(
∑

j=jQ∨0
|Gj(x)|q

)p/q

w(x)dx

1/p

= Ia
Q + Ib

Q

where

Ia
Q =

1
[w(Q)]τ

∫
Q

(
∑

j=jQ∨0

(
j

∑
ν=0

2−(j−ν)a|gν(x)|
)q)p/q

w(x)dx

1/p

and

Ib
Q =

1
[w(Q)]τ

∫
Q

(
∑

j=jQ∨0

(
∞

∑
ν=j+1

2−(ν−j)b|gν(x)|
)q)p/q

w(x)dx

1/p

.

Step1. We first assume that 0 < q ≤ 1. Then by Young’s inequality, for all 0 < ϵ ≤ 1 and aj ∈ C,(
∑

j
|aj|
)ϵ

≤ ∑
j
|aj|ϵ (3.3)

we have:

Ib
Q =

1
[w(Q)]τ

∫
Q

(
∑

j=jQ∨0

(
∞

∑
ν=j+1

2−(ν−j)b|gν(x)|
)q)p/q

w(x)dx

1/p

≤ 1
[w(Q)]τ

∫
Q

(
∑

j=jQ∨0

∞

∑
ν=j+1

2−(ν−j)bq|gν(x)|q
)p/q

w(x)dx

1/p

≤ 1
[w(Q)]τ

∫
Q

(
∑

ν=jQ∨0

ν

∑
j=jQ∨0

2−(ν−j)bq|gν(x)|q
)p/q

w(x)dx

1/p

� 1
[w(Q)]τ

∫
Q

(
∑

ν=jQ∨0
|gν(x)|q

)p/q

w(x)dx

1/p

= ||g||Lτ
p,w(lq).

By using again Young’s inequality, we find

Ia
Q ≤ 1

[w(Q)]τ

∫
Q

(
∞

∑
ν=0

∞

∑
j=jQ∨ν∨0

2−(j−ν)aq|gν(x)|q
)p/q

w(x)dx

1/p

≤ 1
[w(Q)]τ

∫
Q

(
j=jQ∨0

∑
ν=0

∞

∑
j=jQ∨0

2−(j−ν)aq|gν(x)|q
)p/q

w(x)dx

1/p

+
1

[w(Q)]τ

∫
Q

(
∞

∑
ν=jQ∨0

∞

∑
j=jQ∨ν∨0

2−(j−ν)aq|gν(x)|q
)p/q

w(x)dx

1/p

= B + A
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with

A =
1

[w(Q)]τ

∫
Q

(
∞

∑
ν=jQ∨0

∞

∑
j=jQ∨ν∨0

2−(j−ν)aq|gν(x)|q
)p/q

w(x)dx

1/p

≤ 1
[w(Q)]τ

∫
Q

(
∞

∑
ν=jQ∨0

∞

∑
j=ν

2−(j−ν)aq|gν(x)|q
)p/q

w(x)dx

1/p

� ||g||Lτ
p,w(lq)

and

B =
1

[w(Q)]τ

∫
Q

(
j=jQ∨0

∑
ν=0

∞

∑
j=jQ∨0

2−(j−ν)aq|gν(x)|q
)p/q

w(x)dx

1/p

.

Using Hölder’s inequality, the estimate 3.3 and choose 0 < ϵ < a − nr0τ to get

(
jQ∨0

∑
ν=0

∞

∑
j=jQ∨0

2−(j−ν)aq|gν(x)|q
)1/q

=

(
∞

∑
j=jQ∨0

2−jq
jQ∨0

∑
ν=0

2νqϵ2(a−ϵ)q|gν(x)|q
)1/q

� 2−(jQ∨0)(a−ϵ)
jQ∨0

∑
ν=0

2ν(a−ϵ)|gν(x)

� 2−(jQ∨0)(a−ϵ)

(
jQ∨0

∑
ν=0

2ν(a−ϵ)θ |gν|(x)θ

)1/θ

, 0 < θ < 1.

Thus

B � 2−(jQ∨0)(a−ϵ)

[w(Q)]τ

∫
Q

(
jQ∨0

∑
ν=0

2ν(a−ϵ)θ |gν(x)|θ
)p/θ

w(x)dx

1/p

� 2−(jQ∨0)(a−ϵ)

[w(Q)]τ

[
jQ∨0

∑
ν=0

(∫
Q

2(a−ϵ)νp|gν(x)|pw(x)dx
)θ/p

]1/θ

� 2−(jQ∨0)(a−ϵ)

[
jQ∨0

∑
ν=0

2(a−ϵ)νθ [w(2jQ∨0−νQ)]τθ

[w(Q)]τθ

1
[w(2jQ∨0−νQ)]τθ

(∫
2jQ∨0−νQ

|gν(x)|pw(x)dx
)θ/p

]1/θ

� 2−(jQ∨0)(a−ϵ)

[
jQ∨0

∑
ν=0

2(a−ϵ)νθ [w(2jQ∨0−νQ)]τθ

[w(Q)]τθ

]1/θ

||g||Lτ
p,w(lq)

� 2−(jQ∨0)(a−ϵ)

[
jQ∨0

∑
ν=0

2(a−ϵ)νθ+(jQ∨0−ν)nθτr0

]1/θ

||g||Lτ
p,w(lq)

� ||g||Lτ
p,w(lq).

Step2. We assume now that q > 1. Then by the Jensen inequality, for all ϵ > 1, δ > 0 and aj ∈ C,(
∞

∑
j=0

2−δj|aj|
)ϵ

�
∞

∑
j=0

2−δj|aj|ϵ,
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we have

Ib
Q ≤ 1

[w(Q)]τ

∫
Q

(
∑

j=jQ∨0

∞

∑
ν=j+1

2−(ν−j)b|gν(x)|q
)p/q

w(x)dx

1/p

,

and

Ia
Q ≤ 1

[w(Q)]τ

∫
Q

(
∞

∑
ν=0

∞

∑
j=jQ∨ν∨0

2−(j−ν)a|gν(x)|q
)p/q

w(x)dx

1/p

.

Then similar argument given in Step1 leads to,

Ib
Q � ||g||Lτ

p,w(lq).

and

Ia
Q � ||g||Lτ

p,w(lq).

□

Theorem 3.2. Let R ∈ N be such that R > γ + nr0τ. Assume that Ψ, ψ in the Schwartz space
satisfies that, for all α with |α| ≤ R

∂αΨ̂(0) = 0

ψ̂0(0) > 0 if |ξ| < Kϵ

ψ̂(ξ) > 0 if
ϵ

2
< |ξ| < Kϵ,

for some ϵ > 0 and 1 < K ≤ 2. Then for λ > n
min(p,q) + nτr0

||(2jγ(Ψ?
j f )λ)j∈N0 ||Lτ

p,w(lq) � ||(2jγ(ψ?
j f )λ)j∈N0 ||Lτ

p,w(lq)

and
||(2jγ(Ψ?

j f )λ)j∈N0 ||lq(Lτ
p,w)

� ||(2jγ(ψ?
j f )λ)j∈N0 ||lq(Lτ

p,w)
.

Remark 3.4. This proves the independence of the spaces from a pair of admissible functions,
since such a pair satisfies the conditions of Theorem 3.2 with ϵ = 6/5 and k = 25/18.

For the proof we need the following lemma (see the proof of Theorem 3.4 in [11])

Lemma 3.5. Let R ∈ N0, λ > 0 and γ ∈ R. Assume that Ψ, ψ in the Schwartz space satisfies that,
for all α with |α| ≤ R

∂αΨ̂(0) = 0

ψ̂0(0) > 0 if |ξ| < Kϵ

ψ̂(ξ) > 0 if
ϵ

2
< |ξ| < Kϵ,

for some ϵ > 0 and 1 < K ≤ 2. Then for all f ∈ S ′(Rn) and x ∈ Rn

2jγ(Ψ?
j f )λ(x) �

j

∑
ν=0

2−(ν−j)(R−γ)2νγ(ψ?
ν f )λ(x) +

∞

∑
ν=j+1

2−(ν−j)2νγ(ψ?
ν f )λ(x)

Proof of Theorem 3.2. Since R − γ > nr0τ, then applying Lemma 3.3 and Lemma 3.5 to
conclude.
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4 Embeddings

Proposition 4.1. If f ∈ Fγ,τ
p,q,w and h ∈ S(Rn). Then there exists M > 0 such that

| < f , h > | � ||h||SM+1 || f ||Fγ,τ
p,q,w

.

If f ∈ S(Rn) then there exists M > 0 such that

|| f ||Fγ,τ
p,q,w

� || f ||SM+1 .

Hence
S(Rn) ↪→ Fγ,τ

p,q,w ↪→ S ′(Rn).

Similar results hold in the case of the Besov space.

We only prove Proposition 4.1 in the case of the Triebel space; for this we need the follow-
ing results.

Lemma 4.1. Let ν ∈ S(Rn) with supp ν̂ ⊂ {ξ : |ξ| ≤ 2}. Suppose f ∈ Fγ,τ
p,q,w, then for any

0 < r < p/r0 and for any multi-indices β

sup
z∈Qjk

|∂β(νj f (z))|r ≤ C2jn2j|β|2−jγr|| f ||rFγ,τ
p,q,w

×
(∫

B(2−jk,2−j)
wdx

)rτ (∫
B(2−jk,2−j)

w− r
p−r dx

)1−r/p

.

Corollary 4.1.

|| f ||
Fγ,1/p−τ

∞,∞,w
= sup

Q∈Q
sup
z∈Q

|Q|−γ/nw(Q)1/p−τ|ννjQ f (z)| � || f ||Fγ,τ
p,q,w

.

In particular:
|| f ||

Fγ+nτ−n/p
∞,∞

� || f ||Fγ,τ
p,q

.

For comparison, see for instance [32, Proposition 2.6].

Proof. By Lemma 4.1 we have for all z ∈ Qjk,

|νjQ f (z)| � |Qjk|γ/n

(∫
Qjk

wdx

)τ−1/p

|| f ||Fγ,τ
p,q,w

.

Hence
|| f ||

Fγ,1/p−τ
∞,∞,w

= sup
Q∈Q

sup
z∈Q

|Q|−γ/nw(Q)1/p−τ|ννjQ f (z)| � || f ||Fγ,τ
p,q,w

.

□

Proof of Lemma 4.1. Notice that supp ν̂j f ⊂ {ξ : |ξ| ≤ 2j+1}. It follows from the proof of
Lemma 2.4 in [6] that for any r > 0, for any multi-indices β and N > n + 1, there exists
C = Cr,M,β,N > 0 such that

sup
z∈Qjk

|∂β(νj f (z))|r ≤ C2jn2j|β| ∑
l∈Zn

(1 + |l|)−N
∫

Qj,k+l

|νj f (x)|rdx. (4.1)
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Let r > 0 be such that w ∈ Ap/r. Hölder’s inequality implies

sup
z∈Qjk

|∂β(νj f (z))|r ≤ C2jn2j|β| ∑
l∈Zn

(1 + |l|)−N

×
( ∫

Qj,k+l

|νj f (x)|pwdx
)r/p( ∫

Qj,k+l

w− r
p−r dx

)1−r/p

≤ C2jn2j|β|2−jγr|| f ||rFγ,τ
p,q,w ∑

l∈Zn

(1 + |l|)−N

×
( ∫

Qj,k+l

wdx
)rτ( ∫

Qj,k+l

w− r
p−r dx

)1−r/p
. (4.2)

Noting that Qj,k+l ⊂ B(2−jk,
√

n2−j(1 + |l|)). It follows that( ∫
Qj,k+l

wdx
)rτ( ∫

Qj,k+l

w− r
p−r dx

)1−r/p

≤ C(1 + |l|)nδ(rτ+1−r/p)
( ∫

B(2−jk,
√

n2−j)
wdx

)rτ( ∫
B(2−jk,

√
n2−j)

w− r
p−r dx

)1−r/p
.

□

Corollary 4.2. Under the same assumptions in Lemma 4.1, there exists N > 0 such that for all
j and k

sup
z∈Qjk

|νj f (z)|r ≤ C2jn2−jγr2−min(j,0)N || f ||rFγ,τ
p,q,w

inf
x∈Qjk

(1 + |x|)N . (4.3)

Consequently, if j ≥ 0, then

sup
x∈Rn

|νj f (x)|
(1 + |x|)N ≤ 2j(n/r−γ)|| f ||Fγ,τ

p,q,w
(4.4)

with N = n(pτ + 1)/r.

Proof. Fix x ∈ Qjk. Then we have the following elementary inclusions

B(2−jk,
√

n2−j) ⊂ B(0,
√

n2−j(1 + |k|)) ⊂ B(0, cn2−j(1 + 2j|x|))
⊂ B(0, cn2−min(j,0)(1 + |x|)), (4.5)

for some constant cn > 1. Applying Lemma 2.1 and 4.5, we obtain∫
B(2−jk,

√
n2−j)

wdy �
∫

B(0,cn2−min(j,0)(1+|x|))
wdy

� 2−min(j,0)np/r(1 + |x|)np/r
∫

B(0,1)
wdy

and similarly∫
B(2−jk,

√
n2−j)

w− r
p−r dy � 2−min(j,0)np/(p−r)(1 + |x|)np/(p−r)

∫
B(0,1)

w− r
p−r dy.

Thus by Lemma 4.1

sup
z∈Qjk

|νj f (z)|r ≤ C2jn2−jγr2−min(j,0)n(pτ+1)(1 + |x|)n(pτ+1)|| f ||rFγ,τ
p,q,w

. (4.6)

□
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Now we prove Proposition 4.1.

Proof. We first prove that Fγ,τ
p,q,w ↪→ S ′(Rn). To this end, we need to prove that there exists an

M ∈ N such that for all f ∈ Fγ,τ
p,q,w and h ∈ S(Rn),

| < f , h > | � ||h||SM+1 || f ||Fγ,τ
p,q,w

.

Let (µ, ν) and (Ψ, ψ) be as in Theorem 3.1. The Calderon formula, see [32, Lemma 2.3]

f = Ψ ? µ ? f +
∞

∑
j=1

νj ? ψj ? f

together with [32, Lemma 2.4] and Corollary 4.2, lead to

| < f , h > | ≤
∫

Rn
|µ ? f (x)||Ψ ? h(x)|dx +

∞

∑
j=1

∫
Rn

|νj f (x)ψjh(x)|dx

� ||h||SM+1

∞

∑
j=0

2−jM
∫

Rn
|νj f (x)|(1 + |x|−(n+M))dx

� ||h||SM+1 || f ||Fγ,τ
p,q,w

∞

∑
j=0

2−jM+jn(1/r−γ)
∫

Rn
(1 + |x|)−M−n+n(pτ+1)/rdx.

Then choose M > max(n(1/r − γ), n(pτ + 1)/r) to conclude. To prove S(Rn) ↪→ Fγ,τ
p,q,w, we

fix x ∈ Q = QjQkQ , then as seen before we have for some cn > 1

Q ⊂ B(0, cn2−min(jQ,0)(1 + |x|)),
and B(0, 1) ⊂ B(0, cn2−min(jQ,0)(1 + |x|)).

Thus, if w ∈ Ar0 then

w(B(0, 1))
w(Q)

≤ B(0, cn2−min(jQ,0)(1 + |x|)))
w(Q)

� 2−min(jQ,0)nr0(1 + |x|)nr02njQr0 .

Hence
2min(jQ,0)nr02−njQr0(1 + |x|)−nr0 � w(Q). (4.7)

Assume first that jQ > 0 and choose r ∈ (0, min(1, p, q)). Then using [32, Lemma 2.4], to
obtain

1
[w(Q)]τ

∫
Q

(
∞

∑
j=jQ

2jγq|νj ? f (x)|q
)p/q

w(x)dx

1/p

� || f ||SM+1
1

[w(Q)]τ

∫
Q

(
∞

∑
j=jQ

2jγq2−jMq(1 + |x|)−(M+n)q

)p/q

w(x)dx

1/p

� || f ||SM+1

∫
Q

(
∞

∑
j=jQ

2−j(M−γ)r

)p/r

2njQr0 pτ(1 + |x|)−(M+n)p+nr0 pτw(x)dx

1/p

� || f ||SM+1

∫
Q

(
∞

∑
j=jQ

2−j(M−γ)r

)p/r

2njQr0 pτ(1 + |x|)−(M+n)p+nr0 pτw(x)dx

1/p

.
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Choose now M > γ + nτr0, to get

1
[w(Q)]τ

∫
Q

(
∞

∑
j=jQ

2jγq|νj ? f (x)|q
)p/q

w(x)dx

1/p

� || f ||SM+12−jQ(M−γ−nr0τ)

[∫
Q
(1 + |x|)−(M+n)p+nr0 pτw(x)dx

]1/p

.

If (M + n)p − nr0 pτ > nr0 then since w ∈ Ar0 we have∫
Q
(1 + |x|)−(M+n)p+nr0 pτw(x)dx

≤
∫

Rn
(1 + |x|)−(M+n)p+nr0 pτw(x)dx �

∫
B(0,1)

w(x)dx.

We conclude, by choosing M > max(0, n − nr0/p + nτr0, γ + nτr0), that

1
[w(Q)]τ

∫
Q

(
∞

∑
j=jQ

2jγq|νj ? f (x)|q
)p/q

w(x)dx

1/p

� || f ||SM+1 .

On the other hand if jQ ≤ 0, then we have by 4.7

(1 + |x|)−nr0 � w(Q).

Arguing as before to get

1
[w(Q)]τ

∫
Q

(
∞

∑
j=0

2jγq|νj ? f (x)|q
)p/q

w(x)dx

1/p

� || f ||SM+1

∫
Q

(
∞

∑
j=0

2−j(M−γ)r

)p/r

(1 + |x|)−(M+n)p+nr0 pτw(x)dx

1/p

� || f ||SM+1 .

□

The following proposition can be obtained by arguing as in the proof of Proposition 4.1
given in [35].

Proposition 4.2. Let τ, γ ∈ R, p, q ∈ (0, ∞] and ϵ ∈ (0, 1).

1. The space Aγ,τ
p,q1,w is monotone with respect to q, namely, if q1 ≤ q2, then Aγ,τ

p,q1,w ↪→ Aγ,τ
p,q2,w.

2. The space Aγ,τ
p,q1,w is monotone with respect to q, namely, for all q1, q2 ∈ (0, ∞],

Aγ,τ
p,q1,w ↪→ Aγ+ϵ,τ

p,q2,w .

3. For all p ∈ (0, ∞),
Bγ,τ

p,min(p,q),w ↪→ Fγ,τ
p,q,w ↪→ Bγ,τ

p,max(p,q),w.

In particular, if p ∈ (0, ∞), then Bγ,τ
p,p,w = Fγ,τ

p,p,w.
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Definition 4.2. For f ∈ S′, let

|| f ||1Fγ,τ
p,q,w

= sup
Q∈Q

1
[w(Q)]τ

∫
Q

(
∞

∑
j=0

2jγq|(νj f )(x)|q
)p/q

w(x)dx

1/p

and
|| f ||2Fγ,τ

p,q,w
= sup

Q∈Q
sup
x∈Q

|Q|−γ/nw(Q)1/p−τ|ννjQ f (x)|.

Definition 4.3. For f ∈ S′, let

|| f ||1Bγ,τ
p,q,w

= sup
Q∈Q

1
[w(Q)]τ

[
∞

∑
j=0

(∫
Q
|2jγνj f |pw(x)

)q/p

dx

]1/q

and
|| f ||2Bγ,τ

p,q,w
= sup

Q∈Q
sup
x∈Q

|Q|−γ/nw(Q)1/p−τ|ννjQ f (x)|.

Theorem 4.1. Let f ∈ S′.

1. If τ − 1/p < 0, then f ∈ Aγ,τ
p,q,w if and only if || f ||1Aγ,τ

p,q,w
< ∞. Moreover,

|| f ||Aγ,τ
p,q,w

≡ || f ||1Aγ,τ
p,q,w

.

2. If τ − 1/p > 0, then f ∈ Aγ,τ
p,q,w if and only if || f ||2Fγ,τ

p,q,w
< ∞. Moreover,

|| f ||Aγ,τ
p,q,w

≡ || f ||2Aγ,τ
p,q,w

.

In particular, if τ − 1/p > 0, then || f ||Bγ,τ
p,q,w

≡ || f ||Fγ,τ
p,q,w

.

Proof. We consider only the Triebel case. To prove (1), it suffices to show that

|| f ||1Fγ,τ
p,q,w

� || f ||Fγ,τ
p,q,w

since the inverse inequality obviously holds true by definitions. Put

IQ =
1

[w(Q)]τ

∫
Q

(
∞

∑
j=0

2jγq|νj f (x)|q
)p/q

w(x)dx

1/p

.

Then

IQ =
1

[w(Q)]τ

∫
Q

(
jQ∨0−1

∑
j=0

2jγq|νj f (x)|q
)p/q

w(x)dx

1/p

+
1

[w(Q)]τ

∫
Q

(
∞

∑
j=jQ∨0

2jγq|νj f (x)|q
)p/q

w(x)dx

1/p

� JQ + || f ||Fγ,τ
p,q,w

,
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where JQ = 1
[w(Q)]τ

[∫
Q

(
∑

jQ∨0−1
j=0 2jγq|νj f (x)|q

)p/q
w(x)dx

]1/p

= 0 if jQ ≤ 0. We only need to

estimate JQ in the case that jQ > 0. For any j ∈ N with j ≤ jQ − 1, there exists a unique dyadic
cube Qj such that Q ⊂ Qj and l(Qj) = 2−j. Taking x ∈ Q and y ∈ Qj then it is easy to see that

νj f (x) � inf
y∈Qj

(ν?j f )λ(y)

for all λ > 0. Then choosing r ∈ (0, min{1, p, q}) to find

1
[w(Q)]τ

∫
Q

(
jQ−1

∑
j=0

2jγq|νj f (x)|q
)p/q

w(x)dx

1/p

� 1
[w(Q)]τ

∫
Q

(
jQ−1

∑
j=0

2jγr|νj f (x)|r
)p/r

w(x)dx

1/p

� 1
[w(Q)]τ

∫
Q

(
jQ−1

∑
j=0

2jγr| inf
y∈Qj

(ν?j f )λ(y)|r
)p/r

w(x)dx

1/p

� 1
[w(Q)]τ

∫
Q

(
jQ−1

∑
j=0

(
1

w(Qj)

∫
Qj

2jγp(ν?j f )λ(x)|pw(x)
)r/p

)p/r

w(x)dx

1/p

�
[

jQ−1

∑
j=0

[w(Qj)]
τr

[w(Q)]τr
[w(Q)]r/p

[w(Qj)]r/p

]1/r

|| f ||Fγ,τ
p,q,w

=

[
jQ−1

∑
j=0

(
w(Qj)

w(Q)

)rτ−r/p]1/r

|| f ||Fγ,τ
p,q,w

�
[

jQ−1

∑
j=0

2−(j−jQ)rδn(τ−1/p)

]1/r

|| f ||Fγ,τ
p,q,w

� || f ||Fγ,τ
p,q,w

, since τ − 1/p < 0.

Now we prove (2). We have for x ∈ Q

|Q|−γ/nw(Q)1/p−τ|νjQ f (x)|
� w(Q)1/p−τ inf

y∈Q
(|Q|−γ/nν?jQ f )λ(y)

� w(Q)1/p−τw(Q)−1/p+τ|| f ||Fγ,τ
p,q,w

= || f ||Fγ,τ
p,q,w

.
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On the other hand,

1
[w(Q)]τ

∫
Q

(
∞

∑
j=jQ∨0

|2jγνj f (x)|q
)p/q

w(x)dx

1/p

� 1
[w(Q)]τ

∫
Q

 ∞

∑
j=jQ∨0

 ∑
l(P)=2−j, P⊂Q

|2jγνj f (x)χP(x)|

qp/q

w(x)dx


1/p

� || f ||2Fγ,τ
p,q,w

1
[w(Q)]τ

∫
Q

 ∞

∑
j=jQ∨0

 ∑
l(P)=2−j, P⊂Q

w(P)τ−1/pχP(x)

qp/q

w(x)dx


1/p

� || f ||2Fγ,τ
p,q,w

1
[w(Q)]τ

∫
Q

 ∞

∑
j=jQ∨0

 ∑
l(P)=2−j, P⊂Q

w(P)τ−1/pχP(x)

qp/q

w(x)dx


1/p

� || f ||2Fγ,τ
p,q,w


 ∞

∑
j=jQ∨0

 ∑
l(P)=2−j, P⊂Q

(
w(P)
w(Q)

)τ−1/p

χP(x)

qp/q


1/p

� || f ||2Fγ,τ
p,q,w

[(
∞

∑
j=jQ∨0

2−n(τ−1/p)(j−jQ)δ

)]1/p

� || f ||2Fγ,τ
p,q,w

.

□

As an application of Theorem 4.1, we prove that the space F0,τ
p,2,w coincides with the Morrey

space Mp,τ
w , which is defined to be the set of all measurable functions f such that

|| f ||Mp,τ
w

= sup
Q∈Q

1
[w(Q)]τ

[∫
Q
| f |pw(x)dx

]1/p

.

Corollary 4.3. Let w ∈ Ap, 1 < p < ∞ and assume that τ − 1/p < 0. Then

Mp,τ
w ≡ F0,0

p,2,w

with equivalent norms.

Proof. We first prove that Mp,τ
w ↪→ F0,0

p,2,w. By Theorem 4.1, it suffices to show that, for all
f ∈ Mp,τ

w

sup
Q∈Q

1
[w(Q)]τ

∫
Q

(
∞

∑
j=0

|νj f (x)|2
)p/2

w(x)dx

1/p

� || f ||Mp,τ
w

. (4.8)

For a dyadic cube Q = Q(x0, r), set f1 = f χQ(x0,2r) and f2 = f − f1. Then it is well known that

I1 =
1

[w(Q)]τ

∫
Q

(
∞

∑
j=0

|νj f1(x)|2
)p/2

w(x)dx

1/p

� 1
[w(Q)]τ

[∫
Rn

| f1|pw(x)dx
]1/p

,
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see for instance Theorem 1.10 in [26]. This leads to I1 � || f ||Mp,τ
w

. On the other hand, we have

I2 =

(
∞

∑
j=0

|νj f2(x)|2
)1/2

�
∞

∑
k=1

∫
Sk

| f (y)|
|x − y|n dy �

∞

∑
k=1

∫
Sk

| f (y)|
(2kr + |x − y|)n dy

where, for k ∈ N, Sk = Qk+1 \ Qk and Qk = Q(x0, 2kr). Using Holder’s inequality, to get

I2 �
∞

∑
k=1

(∫
Sk

| f (y)|pw(y)dy
)1/p

(∫
Sk

w−p′/p(y)
(2kr + |x − y|)np′ dy

)1/p′

�
∞

∑
k=1

(∫
Sk

| f (y)|pw(y)dy
)1/p

|Qk+1|−1
(∫

Qk+1

w−p′/p(y)dy
)1/p′

�
∞

∑
k=1

(∫
Qk+1

| f (y)|pw(y)dy
)1/p (∫

Qk+1

w(y)dy
)−1/p

� || f ||Mp,τ
w

∞

∑
k=1

[w(Qk+1)]
τ

(∫
Qk+1

w(y)dy
)−1/p

= || f ||Mp,τ
w

∞

∑
k=1

[w(Qk+1)]
τ−1/p.

It follows that,

1
[w(Q)]τ

∫
Q

(
∞

∑
j=0

|νj f2(x)|2
)p/2

w(x)dx

1/p

� || f ||Mp,τ
w

∞

∑
k=1

[
w(Qk+1)

w(Q)

]τ−1/p

� || f ||Mp,τ
w

∞

∑
k=1

(
2nkδ

)τ−1/p
� || f ||Mp,τ

w
.

Similar argument leads to
F0,0

p,2,w ↪→ Mp,τ
w .

□

Lemma 4.4. Let τ ≥ 0 and q ∈ (0, ∞] and −∞ < γ1 < γ0 < +∞. Assume that w ∈ A∞ and for all
0 < t ≤ 1, w(B(x, t)) ≥ td for some d > 0 and all x. If

0 < p0 < p1 ≤ +∞ such that γ0 −
d
p0

= γ1 −
d
p1

,

then
Bγ0,τ

p0,q,w ↪→ Bγ1,τ
p1,q,w,

and if

0 < p0 < p1 < +∞ such that γ0 −
d
p0

= γ1 −
d
p1

,

then
Fγ0,τ

p0,q,w ↪→ Fγ1,τ
p1,q,w.

Proof. We only prove the first inclusion. The proof of the second one is similar.

Let m > 2n and let BJ = B(x0, 2−J) be any ball of Rn with radius 2−J . Then for any x ∈ BJ

and for any ν ≥ J ∨ 0 we have for ϕν f = fν

| fν(x)| �
(

∞

∑
j=1

2−jm
∫

BJ−j−1

2νn| fν(z)|r(1 + |x − z|2ν)−mdz

)1/r

.
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Hence

| fν(x)|p1 �
(

∞

∑
j=1

2−jm
∫

BJ−j−1

2νn| fν(z)|r(1 + |x − z|2ν)−mdz

)p1/r

�
∞

∑
j=1

2−jm
(∫

BJ−j−1

2νn| fν(z)|r(1 + |x − z|2ν)−mdz
)p1/r

=
∞

∑
j=1

2−jm
(∫

BJ−j−1

2νn| fν(z)|r(1 + |x − z|2ν)−mdz
)(p1−p0)/r

×
(∫

BJ−j−1

2νn| fν(z)|r(1 + |x − z|2ν)−mdz
)p0/r

=
∞

∑
j=1

2−im Iνm(x)Jνm(x).

To estimate I(x) we use Holder’s inequality and the Bp-condition to obtain,

Iνm(x) �
(∫

BJ−j−1

2νn| fν(z)|p0 w(z)dz
)(p1−p0)/p0

(∫
Rn

2νn(1 + |x − z|2ν)−mp0/rw(r−p0)/p0 dz
)1−r/p0

�
(∫

BJ−j−1

2νn| fν(z)|p0 w(z)dz
)(p1−p0)/p0

(∫
Rn

2νn(1 + |x − z|2ν)−mp0/rw(r−p0)/p0 dz
)(1−r/p0)(p1−p0)/r

�
(∫

BJ−j−1

2νn| fν(z)|p0 w(z)dz
)(p1−p0)/p0

(∫
|x−y|≤2−ν

w(r−p0)/p0 dz
)(1−r/p0)(p1−p0)/r

�
(∫

BJ−j−1

2νn| fν(z)|p0 w(z)dz
)(p1−p0)/p0

(∫
|x−y|≤2−ν

w(r−p0)/p0 dz
)(1−r/p0)(p1−p0)/r

�
(∫

BJ−j−1

2νn| fν(z)|p0 w(z)dz
)(p1−p0)/p0

(∫
|x−y|≤2−ν

wdz
)(p0−p1)/p0

2nν(p0−p1)/p0

� 2dν(p0−p1)/p0

(∫
BJ−j−1

| fν(z)|p0 w(z)dz
)(p1−p0)/p0

.

On the other hand
Jνm(x) �

(
M(| fν|rχBJ−j−1)

)p0/r
.

We conclude that

| fν(x)|p1 � 2dν(p0−p1)/p0
∞

∑
j=1

2−jm
(∫

BJ−j−1

| fν(z)|p0 w(z)dz
)(p1−p0)/p0 (

M(| fν|rχBJ−j−1)
)p0/r

.

It follows by using Fefferman-Stein inequality that∫
BJ

| fν(x)|p1 w(x)dx � 2dν(p0−p1)/p0
∞

∑
j=1

2−jm
(∫

BJ−j−1

| fν(z)|p0 w(z)dz
)p1/p0

.

Now, since p0/p1 ≤ 1, we obtain(∫
BJ

| fν(x)|p1 w(x)dx
)1/p1

� 2dν(p0−p1)/(p1 p0)

[
∞

∑
j=1

2−jm
(∫

BJ−j−1

| fν(z)|p0 w(z)dz
)p1/p0

]p0/p1·1/p0

� 2dν(p0−p1)/(p0 p1)

[
∞

∑
j=1

2−jmp0/p1

∫
BJ−j−1

| fν(z)|p0 w(z)dz

]1/p0

.
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Thus if γ1 − d/p1 = γ0 − d/p0, then(∫
BJ

|2γ1ν fν(x)|p1 w(x)dx
)q/p1

�
[

∞

∑
j=1

2−jm
∫

BJ−j−1

|2γ0ν fν(z)|p0 w(z)dz

]q/p0

�
∞

∑
j=1

2−jm min(1,q/p0)

[∫
BJ−j−1

|2γ0ν fν(z)|p0 w(z)dz
]q/p0

.

This leads, by choosing m large enough, to

∞

∑
ν=J∨0

(∫
BJ

|2γ1ν fν(x)|p1 w(x)dx
)q/p1

�
∞

∑
j=1

2−jm min(1,q/p0)
∞

∑
ν=(J−j−1)∨0

[∫
BJ−j−1

|2γ0ν fν(z)|p0 w(z)dz
]q/p0

� wτq(BJ)
∞

∑
j=1

2−jm min(1,q/p0)

×
∞

∑
ν=(J−j−1)∨0

wτq(BJ−j−1)

wτq(BJ)

1
wτq(BJ−j−1)

[∫
BJ−j−1

|2γ0ν fν(z)|p0 w(z)dz
]q/p0

� wτq(BJ)
∞

∑
j=1

2−jm min(1,q/p0)+τnp0 j/r|| f ||q
Bγ0,τ

p0,q,w
� wτq(BJ)|| f ||q

Bγ0,τ
p0,q,w

.

□

5 Spaces on special Lipschitz domains

Definition 5.1. A special Lipschitz domain (SLD), Ω ⊂ Rn is an open domain lying above the
graph of a Lipschitz function θ : Rn−1 −→ R, i.e,

Ω = {(x′, xn) ∈ Rn : xn > θ(x′)},

and there is a positive constant A such that

|θ(x′)− θ(y′)| ≤ A|x′ − y′|, ∀x′, y′ ∈ Rn−1.

Let D(Ω) be the set of all infinitely differentiable functions supported in Ω and denote by
D′(Ω) its dual.

For a SLD Ω, the spaces Bγ,τ
p,q,w(Ω) and Fγ,q

p,q,w(Ω) are defined to be the restriction of the
corresponding spaces from Rn to Ω, i.e, we denote by h|Ω = f in D′(Ω) the restriction of a
distribution f on Rn to Ω:

Aγ,τ
p,q,w(Ω) = { f ∈ D′(Ω) : ∃g ∈ Aγ,q

p,w, g|Ω = f }

endowed with the quasi-norm:

|| f ||Aγ,τ
p,q,w(Ω) = inf{||g||Aγ,τ

p,q,w(Ω) : f = g|Ω, g ∈ Aγ,τ
p,q,w = Aγ,τ

p,q,w(R
n)}.

Consider a SLD Ω ⊂ Rn as in Definition 5.1 and define the cone K with vertex at the origin
by

K = {(x′, xn) ∈ Rn : |x′| ≤ A−1xn}.
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Note that the cone K has the property that its shifts x + K ⊂ Ω for each x ∈ Ω. Denote by
−K = {−x : x ∈ K} the reflected cone of K. Then for every ν ∈ D(−K) and f ∈ D′(Ω), the
convolution ν ? f (x) = 〈 f , ν(x − ·)〉 is well defined in Ω since supp ν(x − ·) ⊂ Ω for x ∈ Ω.

Proposition 5.1. [25, Proposition 3.1] Let Ω be a special Lipschitz domain. The distribution
f ∈ D′(Ω) belongs to S ′(Ω) if and only if there exists g ∈ S ′(Rn) such that f = g|Ω.

Proposition 5.2. [25, Theorem 4.1 (a)] Let Ω be a special Lipschitz domain and K its associated
cone. Then there exist functions ϕ0, ϕ, ψ0, ψ ∈ S supported in −K such that∫

Rn
xαϕ(x)dx =

∫
Rn

xαψ(x)dx = 0 for all multi-indices α, (5.1)

and

f =
∞

∑
j=0

ψj ? ϕj ? f in D′(Ω) (5.2)

for all f ∈ D′(Ω).

Theorem 5.1 (Extension theorem). Let ϕ0, ϕ, ψ0, ψ ∈ S be as in Proposition 5.2. Let w ∈
A∞, 0 < p, q ≤ ∞ (p < ∞ in the Aγ,τ

p,q,w(Ω)-case). For any g : Ω −→ R denote by gΩ its
extension from Ω to Rn by zero. Then the map E defined by

D′(Ω) 3 f E7−→
∞

∑
j=0

ψj ? (ϕj ? f )Ω in D′(Ω) (5.3)

yields a linear extension operator from Aγ,τ
p,q,w(Ω) into the corresponding spaces on Rn.

Remark 5.2. Theorem 5.1 is a generalization of Theorem 3.6 in [10] where w is assumed to be
one. The key element of their proof is Lemma 3.3 with w ≡ 1. Since Lemma 3.3 is valid for an
arbitrary w ∈ A∞, similar arguments in the proof of Theorem 3.6 in [10] lead to the results in
Theorem 5.1.

Remark 5.3. Since in [10] the detailed proof is given only for Besov spaces, we provide the
detailed proof for Triebel spaces for the sake of clarity.

Proof. Step 1. Let (gj)j∈N0 be a sequence of measurable functions and denote by M
gj
N(x), the Peetre

maximal function of gj, defined as

M
gj
N(x) = sup

y∈Rn
|gj(y)|(1 + 2j|x − y|)−N , N > 0.

We will prove that if 2jγ M
gj
N(x) ∈ Lτ

p,w(lq), then the series ∑∞
j=0 ψj ? gj converges in S ′(Rn) and

|| ∑∞
j=0 ψj ? gj||Fγ,τ

p,q,w
� ||(2kγ(Mgk

N )k∈N0 ||Lτ
p,w(lq).

We start with the following elementary inequality

ϕk ? ψj ? gj(x) ≤ M
gj
N(x)

∫
Rn

|ψj ? ϕk(y)|(1 + 2j|y|)Ndy, ∀M ≥ 0. (5.4)

Then we have the following Heideman type estimate, see [3]∫
Rn

|ψj ? ϕk(y)|(1 + 2j|y|)N ≤ CM,N2−|k−j|M, ∀M ≥ 0. (5.5)
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Taking M > |γ|+ nr0τ and put σ = M − |γ|, we obtain

2kγϕk ? ψj ? gj(x) � 2jγ2−|k−j|σ M
gj
N(x). (5.6)

Assume that
||(M

gj
N)n∈N0 ||Lτ

p,w(lq) < ∞.

Then

||ψj ? gj||Fγ−2σ,τ
p,q,w

= sup
Q∈Q

1
[w(Q)]τ

∫
Q

 ∞

∑
k=jQ∨0

2k(γ−2σ)q|(ϕk ? ψj ? gj|q
p/q

w(x)dx


1/p

� 2−jσ sup
Q∈Q

1
[w(Q)]τ

∫
Q

 ∞

∑
k=jQ∨0

(
2jγ2−kσ−|k−j|σ M

gj
N(x)

)q

p/q

w(x)dx


1/p

� 2−jσ||(2kγ(Mgk
N )k∈N0 ||Lτ

p,w(lq),

using that |k − j| ≥ j − k. Therefore ∑∞
j=0 ψj ? gj converges in Fγ−2σ,τ

p,q,w and hence in S ′(Rn), since

Fγ−2σ,τ
p,q,w ↪→ S ′(Rn). On the other hand, we have 2kγ|ϕk ? ∑∞

j=0 ψj ? gj(x)| � ∑∞
j=0 2−|k−j|σ2jγ M

gj
N(x).

Then since σ > nτr0 we have by Lemma 3.3

||
∞

∑
j=0

ψj ? gj||Fγ,τ
p,q,w

� ||(2kγ(Mgk
N )k∈N0 ||Lτ

p,w(lq). (5.7)

Step 2. Let f ∈ Fγ,τ
p,q,w(Ω). Then, for any ϵ > 0, there exists g ∈ Fγ,τ

p,q,w(R
n) such that g|Ω = f in

D′(Ω) and

||g||Fγ,τ
p,q,w(Rn) ≤ || f ||Fγ,τ

p,q,w(Ω) + ϵ. (5.8)

On the other hand, we have νj f = νjg if y ∈ Ω since supp νj ⊂ −K and y + K ⊂ Ω for any point

y ∈ Ω. In consequence supy∈Ω
|νj f (y)|

(1+|x−y|)λ � supy∈Rn
|νj f (y)|

(1+|x̄−y|)λ , where x̄ = (x′, 2θ(x′)− xn) ∈ Ω is
the symmetric point to x = (x′, xn) < Ω̄ with respect to ∂Ω. Let gj = (νj f )Ω. Then by [25, p. 248]
we have:

sup
y∈Ω

|gj(y)|
(1 + |x − y|)λ

 = supy∈Ω
|νj f (y)|

(1+|x−y|)λ if x ∈ Ω,

� supy∈Ω
|νj f (y)|

(1+|x̄−y|)λ , if x < Ω̄.
(5.9)

Using 5.7, 5.8, 5.9 and arguing as in the proof of Theorem 3.6 given in [10], we get

||E f ||Fγ,τ
p,q,w(Rn) ≤ ||

∞

∑
j=0

ψj ? (ϕj ? f )Ω||Fγ,τ
p,q,w(Ω) � ||(2kγ(Mgk

N )k∈N0 ||lq(Lτ
p,w)

� sup
Q∈Q

1
[w(Q)]τ

∫
Q

(
∞

∑
j=jQ∨0

2jγq|(ϕ?
j h)N(x)|q

)p/q

w(x)dx

1/p

� ||h||Fγ,τ
p,q,w(Rn)

� || f |Fγ,τ
p,q,w(Rn) + ϵ.

Letting ϵ go to zero, we conclude that the extension operator is a bounded linear operator from Fγ,τ
p,q,w(Ω)

into Fγ,τ
p,q,w(R

n). Finally, since the supports of ψ0 and ψ lie in −K, it follows that

(E f )Ω =
∞

∑
j=0

ψj ? ϕj ? f = f in D′(Ω)

which completes the proof. □
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6 Conclusion

This paper introduces a framework for non-homogeneous weighted Besov-type and Triebel-
Lizorkin-type spaces by incorporating Muckenhoupt weights into the framework developed
by Dachun Yang and Wen Yuan. The main contributions include local means characterizations,
embedding theorems that unify several existing function spaces, and the construction of a
Rychkov-type linear extension operator for these spaces.

We believe that the results presented in this paper can be naturally extended to weighted
Besov-type and Triebel-Lizorkin-type spaces with variable exponents, opening new directions
for future research.

Appendix

We adapt here the proof of Proposition 3.4 in [5].

Proof of Proposition 2.1. Set

|| f ||BBγ,τ
p,q,w

' sup
BJ

1
[w(BJ)]τ

[
∞

∑
j=J∨0

(∫
BJ

|2jγνj f |pw(x)
)q/p

dx

]1/q

.

Let Q be a dyadic cube. Then since Q ⊂ B(xQ,
√

nl(Q)) and |Q| ' |B(xQ,
√

nl(Q))| we have
by Lemma 2.1 w(Q) ' w(B(xQ,

√
nl(Q))). It follows

|| f ||Bγ,τ
p,q,w

� sup
Q∈Q

1
[w(B(xQ,

√
nl(Q)))]τ

[
∞

∑
j=jQ∨0

(∫
B(xQ,

√
nl(Q))

|2jγνj f |pw(x)
)q/p

dx

]1/q

� || f ||BBγ,τ
p,q,w

.

On the other hand, by the properties of the dyadic cubes, there exists k ∈ N not depending
on J such that

BJ ⊂ ∪k
ν=1Qν

J , BJ ∩ Qν
J , ∅, ∀ν = 1, . . . , k.

Here, Qν
J is a dyadic cube of side length 2−J . Now, since Qν

J ⊂ (2
√

n + 1)BJ , Lemma 2.1
implies w(Qν

J ) � w(BJ). Hence,

sup
BJ

1
[w(BJ)]τ

[
∞

∑
j=J∨0

(∫
BJ

|2jγνj f |pw(x)
)q/p

dx

]1/q

�
k

∑
ν=1

sup
Qν

J

1
[w(Qν

J )]
τ

 ∞

∑
j=J∨0

(∫
Qν

J

|2jγνj f |pw(x)

)q/p

dx

1/q

� || f ||Bγ,τ
p,q,w

.

Now set

|| f ||BFγ,τ
p,q,w

' sup
BJ

1
[w(BJ)]τ

∫
BJ

(
∞

∑
j=J∨0

2jγq|νj f |q
)p/q

w(x)dx

1/p

.
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Then similar argument as before leads to

|| f ||Fγ,τ
p,q,w

� sup
Q∈Q

1
[w(B(xQ,

√
nl(Q)))]τ

∫
B(xQ,

√
nl(Q))

(
∞

∑
j=J∨0

2jγq|νj f |q
)p/q

w(x)dx

1/p

� || f ||BFγ,τ
p,q,w

� sup
Q∈Q

1
[w(Qν

J )]
τ

∫
Qν

J

(
∞

∑
j=J∨0

2jγq|νj f |q
)p/q

w(x)dx

1/p

� || f ||Fγ,τ
p,q,w

.

□
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