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Abstract. In this paper, we introduce non-homogeneous weighted Besov-type spaces
and non-homogeneous weighted Triebel-Lizorkin-type spaces. We then establish their
characterizations in terms of local means and prove some remarkable embeddings.
Moreover, we also construct Rychkov’s linear, bounded universal extension operator
for these spaces.
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1 Introduction

The Besov and Triebel-Lizorkin spaces are classes of function spaces containing many well-
known classical function spaces such as Lebesgue spaces L,, Hardy spaces H, [8], BMO
spaces, Sobolev spaces, etc.

A comprehensive treatment of these function spaces and their history can be found in
Triebel’s monographs [29,30] and in the fundamental paper by M. Frazier and B. Jawerth [6].

Such spaces play an important role in various fields of analysis such as harmonic analysis
and partial differential equations. For instance, Morrey [23] studied the local regularity of
solutions of some partial differential equations in an appropriate space, called Morrey space.
This local regularity of solutions is more precise than in the familiar Lebesgue spaces.

Over the past decades, classical operators in harmonic analysis, such as maximal, singu-
lar, and potential operators, have been extensively studied in both classical and generalized
Morrey spaces. For more details, see [13-20,27] and the references therein.

In recent years, there has been increasing interest in a new family of function spaces
introduced by Dachun Yang and Wen Yuan [36,37], called new classes of Besov and Triebel-
Lizorkin spaces. These spaces unify and generalize many classical spaces such as Q spaces,
Besov spaces, Triebel-Lizorkin spaces, Morrey spaces and Triebel-Lizorkin-Morrey spaces (see
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14 A. Loulit

[32][Section 1.4] and references in [36]). From then on, these spaces received a lot of attention;
various properties and characterizations of Besov-type and Triebel-Lizorkin-type spaces were
studied in [21,22,33,34,38-40].

The present paper follows the spirit of Yasuo Komori and Satoru Shirai [18] and aims to
further develop the ideas of Dachun Yang and Wen Yuan [36,37].

2 Some background tools

All notations used in this work are standard or will be defined when introduced.

A function w is termed a weight if it is almost everywhere positive and locally integrable
in R". Let w be a weight and 0 < p < oo, we say that f € LP(w) if and only if

1l = ( f, \f(X)IPw(x)dxy <o, e

A non-negative locally integrable function w is said to be in the Muckenhoupt classes
Ap, 1<p<oo if there exists a constant Cp > 0 such that for all cubes Q,

1 1 A
— dy [ — =ry .
ah® y(\Qr/Q’“’ y) =G 22)

when1 < p < oo, %—F%:l,andforp:l,

gl
— | wdy < Cyw(x), (2.3)
gl Jo W = Gt)
for a.e. x € Q, or equivalently Mw(x) < Cijw(x) for a.e. x € R", where M is the Hardy-
Littlewood maximal operator defined, for a locally integrable function f, by

1
Mf(x) = sup - [ [£(y)ldy, 4
xeQ |Q| Q

where the supremum is taken over all cubes containing x. We set A« = Up>14,.

We note that the classes A, characterize the boundedness of the Hardy-Littlewood maxi-
mal operator M on the weighted Lebesgue spaces (see [9], Ch. IV). Namely,

M : Ly(w) = Ly(w) (2.5)
if and only if w € Ay when 1 < p < o0, and
M : L] (w) — Llloo(w), (26)

if and only if w € Aj.
Ly, (w) denotes the space of all measurable functions f such that

Q=

sup (w{x € R": f(x) > A})7 < oo.

A>0

We recall the following important properties of A, classes, see for instance [1,7,9].
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Lemma 2.1. Let w € A,,. Then there exist 0 < & < 1 and C > 0 such that every time we have a
measurable subset A of a cube Q, the following "d-reverse doubling” inequality holds

w(A) <|A!>5

—= < C| = 2.7

@ =“\a 7
and also the following “ro-doubling” inequality holds

w(Q) Q1"

— < — ] . .

o << (ia 5

Moreover, if 1 < p < 0,1 < g < oo and w € Ay, then there exists a positive constant C
such that for all sequences {fi}xez of locally integrable functions on R”, we have the well-
known Fefferman-Stein vector-valued inequality, see [12],

p/q p/q
| W(Z[Mfku)w) w(x)dx < C W(zvk(x)w) Wi @9

keZ keZ

Remark 2.2. If w € A, then w1V (P=1) ¢ Ap /(p—1) and satisfies the same "d-reverse doubling"
inequality. Throughout this work, w will be a fixed weight in A, and we denote by rj the
number 7y = inf{s > 0: w € As}. If we choose 0 < r < p/ry, 0 < p < oo, then, in particular,
w e A, and w/ (r=r) ¢ Ay/(p—r)- The symbol é represents the same reverse doubling

constant for both w and w~"/(*—7),

The reverse condition is known as the A-condition and the class of weights w satisfying
the A-condition is denoted by Ac. It is well known that A« = U,>14,, which motivates the
notation A, see for instance [9, Corollary 2.13, pp. 403-404].

We will use often the following well-known results.

Lemma 2.3. Let f be any measurable function in R" and A > n. Then

|x — 2]

-2
Rnf(z) (1 +— ) dz < Ct"Mf(x)

forany t > 0.

Lemma 2.4. Let w € Ap,1 < p < oco. Then we have the following B,-condition

/n w(z) <1 + ]x;z|> - dz <C w(z)dz

|x—z|<t

forany t > 0and x € R".

Let S(IR") be the space of all Schwartz functions on IR” with the classical topology gener-
ated by the family of semi-norms

[v[xn = sup sup (14 |x[)¥|9Pv(x)] k, N €Ny, veSR".
xER™ |B|<N

The topological dual space, S'(R"), of S(IR") is the set of all continuous linear functionals
S(R") — C endowed with the weak x-topology.
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The Fourier transform, Fv = 7, of a Schwartz function v is defined by

(&) = (271)" / =0Ty (x)dx.

n

The convolution of two functions v, u € S(R") is defined by

vep() = [ vix—yn)dy
and still belongs to S(R").

The convolution operator can be extended to S(R") x S'(R") via v f(x) = (f, u(x —-)).
It makes sense pointwise and is a C* function in R" of at most polynomial growth.

To simplify notation, we write often vf = v % f. In some other situations, to avoid confu-
sion, we keep the notation v x f. We also set v;(x) = t"v(x/t) and v,-;(x) = vj(x). Recall that
Nom = 2™ (142" |x|)~™, for any x € R",v € N and m > 0. It is well known that 7, , € L
when m > n and that ||fy,m||;1 = Cy is independent of v.

Throughout the whole paper, we denote by C a positive constant which is independent
of the main parameters, but it may vary from line to line, while C(a,b) denotes a positive
constant depending on the parameters 4,b. The symbols A < B means that A < CB for
some positive constant C. If A < B and B <X A, then we write A ~ B. xg will denote
the characteristic function of the set E. For j € Z and k € Z", we set Qj the dyadic cube
277([0,1)" +k). Let Q = {Qp:j€ Z ke Z"}and Q; := {Q € Q : [(Q) = 27/}. For any
Qj € Q, welet jg be —log, [(Q), [(Q) its side length, xg its lower left-corner 27/k. We set also
j V0= max(j,0).

Definition 2.5. Let y, v be in the Schwartz space. We say a pair (y, v) of functions is admissible
if u,v € S(R") satisfy

suppfi C{ € R":|¢| <2}, f>c>0when || gg, (2.10)

3
supp? C { € R":1/2 < |¢| <2}, 02c>0wheng§|§|§

W Gl

. (2.11)

Definition 2.6. Let w € Aw,0 < p,g < o0, 0 < 7 < o0 and v € R. The inhomogeneous
Triebel-Lizorkin space F);, is the set of all distributions f (modulo polynomials) such that

1
p

1 ® T
HfHF,?,},T,w ~ ZEPQ)W |:/Q (j_%v02]7‘7|yjf|q> w(x)dx] . (2.12)

The inhomogeneous Besov-Lipschitz space B, is the set of all distributions f (modulo
polynomials) such that

P

1 o0 , 5o
A e, =~ S QT [ )3 </Q\2”vjf!pw(x)> dx] : (2.13)

Q i=joV0

With standard modifications when p = oo or g = co. Here and in the rest of this paper 1 is
understood as y. For simplicity, in what follows, we use A};;, to denote either By, or 7.
The most familiar case, the classical Besov spaces B) ; ., and Triebel- Lizorkin spaces Fy, ,, are
realized by letting T = 0. Moreover, it is well known that the spaces A}, ,, are independent of
the choices of v, see, for example [2—4,6].
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Proposition 2.1. Let B; be any ball of R" with radius 27/. In the definition of the spaces A},
if we replace the dyadic cubes Q by the balls Bj, then we obtain equivalent quasi-norms.

See Appendix for the proof.

3 Maximal functions and local means characterization

We define, for A > 0, the Peetre maximal function vy f(x) by
< ) — |x y\
viaf(x) = sup [uf(y)] {1+
yelR)l
We now present a fundamental characterization of the spaces under consideration.

Theorem 3.1. Lety € R, 7 > 0, O < p,q < o and let (i, v) be a pair of admissible functions.

IfA> mm(p ) +ntrg, then f € F qw if and only if

==

P
q

1 ©
HfHquw— GQW {/Q (j_%v02]WQ‘(vjf)A(x)\q) w(x)dx] ,

and if A > % + ntry, then f € BZ,’qT,w if and only if

HfHB;qu =S Q o [w(Q |:<] %\/0/ ‘2” | > w(x)dx]

To prove Theorem 3.1, we need the following well-known lemma, see for instance [31].

==

Lemma 3.1. Let (p,v) be a pair of admissible functions, f € S'(R") and N € IN. Then for all
te[l,2, N>A, jeZyand x € R"

(5 AN < C Y2 6NN [ oy f2) (14 [~ 2[2))
k=j
where r is an arbitrary fixed positive number and C is a positive constant independent of v, f, j, x and

t, but may depend on r.

Proof of Theorem 3.1. We only prove the first estimate of Theorem 3.1; the proof of the second
estimate is similar.

Since [v;f (x)| < \v]*f(x) |, it is enough to prove

1
Z p

g‘;gué)p !/Q ( > Zf“mlv]-*,Afw) q w(x)dx] < Ifllegz,.

J=igV0

By Lemma 3.1 we see that
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AN < L2 N2 [ (L = f2) e = By(o) + I (),
=J

with
hy(e) = 2 6P [ ()1 2f2))
k:] X—Z|S
and
fy(x) = L2 AN [ el
k:] |X—Z‘>2 Q

Step 1. For Iyj(x), by Lemma 2.3, we find

hyo) <C L2 6N [ f )1+~ 2i) e
=j

<CZ2 F=DINIM (xg- [uef 1) (x),
=j

where Q* = ¢,Q is chosen so that {|x —z| < 27Je} € Q* for all x € Q. Choose 0 < r < min(p,q),
then by the vector Fefferman-Stein inequality and a discrete version of the Hardy inequality

0 7
Yy 2/ (Z |bk\> <cY 2|7 (7 >0,0 >0)
j k=j j

which we apply with § = g(N +y —n/r) and § = q/r, we have by taking N > n/r — v

0o p/q

J=jgV0

1/p

1/p

o [ q/r\ P/1
= [w(lQ)]T /Q ( Z ZZ‘(k—j)(Nr—n-i-’W)zk%’M (xor [vef]) (x)] ) w(x)dx

J=iQV0 Lk=j

1/p

p/q
1 - [ r r q/r
= O /Q(kz 29" M (xo- [uef 1) ()] ) w(x)dx

= A lgyr,-

p.gw

Step 2. For Ij(x), in order to ensure the convergence of the series that will be considered below, we
assume that A > n/ min(p,q) + ntro. In this case there exist 0 < r < min(p,q) and € > 0 such
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that ntrg < € < A —n/r. Then we have

o0

Lj(x) = 22’(k’f)(N””)27”/ o f @A+ [x - z|2/) "Mz
k=j |[x—z|>277Q
< sz(kfj)(Nrfn) Z 2fmer2jn/ ' ) ‘ka(z)’ra + ’x o Z‘zj)f)\rJrredZ
k=j m=1 |x—z|<27/Q™"
=< 22—(k—j)(Nr—n) 2 2—merM(X2m+]Q|ka(x)|)r.
k=j m=1

Arguing as before we get

1 S jrq q/r &
wor | L[ 2@l ) e

j=joV0

1/p

1/r

00 2m+1+nQ)]T
~ (k—j)(Nr—n+ry) 2~ me[ ( .
< (z L I

1/r

(o]

< (z m) A1, = ANl
since € > nTry. m]

Definition 3.2. Let 0 < p < 00, 0 < g <00, 0 < 7 < o0and w € Aw. The space Lj,(I7) is
defined to be the set of all sequences ¢ = (g;)je, of measurable functions on IR" such that

1 0 p/q Vp
H(gj)jE]NoHL’E,w(l@) = ZEEW {/Q < Z ]gj(x)]‘7> w(x)dx] < 00.

J=ioV0

The space (L) with 0 < p,q < oo is defined to be the set of all sequences g = (gj)jen, of
measurable functions on R” such that

1/q

1 / )q/P
) = SUp T )| Pw(x)dx < oo,
el =3 s | £ ([ oo

We need the following lemma which is a generalization of Lemma 2 in [24].

Lemma 3.3. Letrg > 1, w € Ay, 0 < g < o0, 0 < T < o0. Let a > nrot and b > 0. For any
sequence § = {g;}jcz of measurable functions on R", consider

j } ) ,
Gi(x) =Y 27U g, (x) + Y 270 lg ().

v=0 v=j+1

Then there exists a positive constant C, independent of g, such that for all 0 < p < oo,

1(Gj)jeno iy, 00 < Cl(87)jeno |, m) 3.1)

and for all 0 < p < oo,

“(Gf)fGNo”l'?(LT < C[I(8j)jeno (L L7,
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Proof. Let us prove 3.1. The proof of 3.2 is similar and we omit the details. Let Q be a dyadic
cube chosen arbitrarily and set

. P/ Vp
Ip = O {/Q < Z ]Gj(x)\q) w(x)dx] = Ig—klé

J=iQVo
where
1 j qa\ p/q /p
O =~~~z —(j—v)a
= e [ 5, (2o mn) ) oo
and

1 ) q\ p/q /p
b L reipp
o [w(Q)] |:/Q (j—%\/o (V_;HZ ! |gv(x)’> > w(x)dx]

Stepl. We first assume that 0 < q < 1. Then by Young's inequality, for all 0 < e < land a; € C,

(Z|ﬂj|> < ZWE (3.3)
j

]

we have:
1/p

qa\ P/4q
b _ 1 S —(v=j)b x w(x)ax
o [w(Q)]" [/Q (;:%vo <V=JZ+12 e )|> ) e ]

1 00 p/q 1/p
= (@ /Q<Z L 2(”””q|gv<x>!"> w<x>dx]

j=igV0v=j+1

1 v p/q
< (O /Q( Y oy 2 ”bﬂgv(x)w) w(x)dx]

v=joV0j=joVO0

1/p

. P/ L
j [ZU(Q)]T /Q< 2 ‘gV(x)’q> w(x)dx] - ||gHLer

v=jgVO0

By using again Young's inequality, we find

1 p/q p
I < w(Q)]7 / (Z Z 2707 g (x )|> w(x)dx]

v=0j=joVvV0

j=jioV0 p/q
< foar /Q( L s W) w(x)dx]

j=joVO0

1/p

<

1 0 00 p/q 1/p
T @ {/ ( Y. X 2‘”‘”)“ﬂgv(x)w> W(x)dx]

=joV0j=joVvrV0
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with
| o0 o p/a p
A= / 2~ (j=v)an| g (x)|‘7> w(x)dx
[w(Q)]" | /Q <v=%\/0j:jgz\/v\/0 '
1] o o p/4 p
< / 2-U=v)ad|o (x)|9 w(x)dx
< oo |, (}2}2 0 >|> (x) ]
= Igllrr o
and .
p

1 J=igV0 o p/a
B[w(Q[/<Z Y, 27Umg, (x )!) w(x)dx]

v=0 j=joVO0

Using Holder’s inequality, the estimate 3.3 and choose 0 < € < a — nroT to get

QVO 0 1/q oo ) jQ\/O 1/"7
(Z Z - Jvaq|g )|> :< Z 274 szqez(a—€)61|gv(x)|q>

v=0 j=jo V0 j=joVO0 v=0
joVOo
< 2~ (joVO)(a—e) Y 2v(1=€)| ¢, (x)
v=0

joVO 1/6
< 2~ (jeVO)(a—e) (Zz””e lgvl( )) ,0<0<1.

Thus

(joV0) (a—e) v P8
sz[jj(@]{/(gzz”“’g \) w(x)dx]

1/p

2—(jgV0)(a—e) JQVO o
2 a—e)vp p
< | 5 U2 soremi)

. [/ 2(a—e)vb gy (21V0-v Q)] 1 N
< o-(ig\0)(a—e) ' </ e )
= g [w(Q)]™ @I TN \ Jyow-rg 187 (R W)

[70VO0 ~(a—e)vd 1 —v 0 v
<a-tovore-o | 2@ IOIT )y,
o L v=0 [w(Q)]TG !

| Ve | 1/6

< 2 (igv0)(a—e) ZO 2(a—e)vb+ (]QVOV)”W‘)] 181125 00

= 18l 0)-

Step2. We assume now that q > 1. Then by the Jensen inequality, for all € > 1,6 > 0 and a; € C,

[ee] 5 € (0] 5
227l ) =27l
j=0 j=0

1/6



22 A. Loulit

we have

. p/q 1/p
Iéé[w(Q)] {/ ( > Z 27l g, (x )!) W(X)dx] ,

j=joV0v=j+1

and

1 p/q p
IaQ S [ZU(Q |:/Q (2 Z 2" G=v) |gV( )’ ) w(x)dx] .

v=0j=joVvV0
Then similar argument given in Stepl leads to,
15 = &1Lz (19)-
and
I 2 118llrs ,19)-
o
Theorem 3.2. Let R € IN be such that R > -y + nrg7. Assume that ¥, ¢ in the Schwartz space
satisfies that, for all & with |a| <R
*¥(0)=0
Po(0) > 0 if |¢] < Ke
$(&) >0 iff < |¢| < Ke,

for some € > 0and 1 < K < 2. Then for A > + ntry

mln(P q)
@ (7)) jemo gy = @Y WF ) jemo g, a0)
and ‘ '
T CETf)n)jenollin(ez ) = T (W7 F)r)jeng (s
12

Remark 3.4. This proves the independence of the spaces from a pair of admissible functions,
since such a pair satisfies the conditions of Theorem 3.2 with € = 6/5 and k = 25/18.

pw

For the proof we need the following lemma (see the proof of Theorem 3.4 in [11])

Lemma 3.5. Let R € N, A > 0and v € R. Assume that ¥, in the Schwartz space satisfies that,
for all « with |a] < R

*¥(0) =0
po(0) > 0 if || < Ke
$(@) >0 if 5 < el < Ke,
for some € > 0and 1 < K < 2. Then forall f € S'(R") and x € R"
2(Yif) *22 WD)+ Y 2 DT )

v=j+1

Proof of Theorem 3.2. Since R — v > nrot, then applying Lemma 3.3 and Lemma 3.5 to
conclude.
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4 Embeddings

Proposition 4.1. If f € F);,, and h € S(R"). Then there exists M > 0 such that

| < foh> | =2 sy Lf) [ poe

pq.w

If f € S(R") then there exists M > 0 such that

A ey, = 1 sara-

pq.w
Hence
S(R") = )y — S'(R").
Similar results hold in the case of the Besov space.
We only prove Proposition 4.1 in the case of the Triebel space; for this we need the follow-
ing results.

Lemma 4.1. Let v € S(R") with supp? C {¢ : |&| < 2}. Suppose f € F)ow, then for any
0 <r < p/ro and for any multi-indices B

sup (9P (vjf ()| < C2"2 P27 | e

p.qw
zeQ ik

rT . 1-r/p
X (/ o wdx> </ o ufﬂfdx) .
B(277k,21) B(2-7k,27)

1l e = sup sup Q™" w(@)" e (@) = I1f g,
o € S

Corollary 4.1.

In particular:
| |f| ‘F;j;”*”/p j ‘ |f| |vaqT

For comparison, see for instance [32, Proposition 2.6].

Proof. By Lemma 4.1 we have for all z € Qijks

p.q,w0

1/p
viof(z)| = Q"™ (/Q wdx) gy -

ik

Hence

Hpr;,L{f;f = Zug sug ’Q‘fwnw(Q)l/pr‘VVij(Z)’ = HfHP;;;w-
T S ze

O

Proof of Lemma 4.1. Notice that suppv/j}‘ C {¢ : |g| < 27"}, 1t follows from the proof of
Lemma 2.4 in [6] that for any r > 0, for any multi-indices § and N > n + 1, there exists
C = C,mpN > 0 such that

sup [0P(vif (2))]” < C2"2IPl Y~ (14 |l|)_N/ |vif(x)["dx. (4.1)
z2€Qjk lezn Qjkrt
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Let r > 0 be such that w € A,,,. Holder’s inequality implies

sup [0P (vif(2))|" < C2"2/PL Y- (14 [1))~N
z€Qjk lez"

8 (/lek+Z |ij(x)|pZde>r/p(/(gjrk+l wf%rdx)l—r/p

< C2"2P2 I fl|re T (141N

zZn

o -r/
X (/erw wdx)rT(/erkHw P*'dx)l ' p. (4.2)

Noting that Qj.; C B(27/k, v/n27/(1+l[)). It follows that

7 o —r/
(o) e

r r 1-r/
< C(1—|- |l‘)n§(rr+lfr/lﬂ)</ ‘ . wdx) T(/ ‘ ‘ w_jdx) ’ p.
B(277k,+/n277) B(277k,+/n277)

Corollary 4.2. Under the same assumptions in Lemma 4.1, there exists N > 0 such that for all
jand k o '
sup |v;f(z)|" < C2m2 /- minGON| £l - inf (14 [x])N. (4.3)

z€Qjk P x€Qjk

Consequently, if j > 0, then

vif(x)] .
aa1enm <2 N Al 44
v (L [N = 1 llezz, (44)

with N =n(pt+1)/r.

Proof. Fix x € Qjr. Then we have the following elementary inclusions

B(277k, /n277) € B(0, v/n27I(1+ |k|)) € B(0,c,277(1+2/|x]))
C B(0, ¢, 2~ ™00 (1 4 |x|)), (4.5)

for some constant ¢, > 1. Applying Lemma 2.1 and 4.5, we obtain

/ _ ~wdy < / o wdy
B(2-ik, y/n27) B(0,c, 2~ min(:0) (14]x|))

< 27min(j,0)np/7(1 + ’x|)np/r/ wdy
B(0,1)

and similarly

w—ﬁdy < zfmin(j,O)np/(pfr)ﬂ + |x‘)np/(pfr)/ w_ﬁdy.

/B(ka, Vn277) B(0,1)

Thus by Lemma 4.1

sup [v;f (z)|" < C2/"271m2 MUOMPTEY (L 4 x| ) PTED | £ (4.6)

EVT
p.q.w
ZGij
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Now we prove Proposition 4.1.

Proof. We first prove that F);,, < S’(R"). To this end, we need to prove that there exists an
M € N such that for all f € F;, and h € S(R"),

| <f/h > | j ||h’|5}\/[+1||f||F7’T .

pgw

Let (u,v) and (¥, ¢) be as in Theorem 3.1. The Calderon formula, see [32, Lemma 2.3]
=Y uxf+) vixpj*f
j=1
together with [32, Lemma 2.4] and Corollary 4.2, lead to

| <fh>[< | T f)|[¥xh(x)|dx + i |vif ()i (x)|dx
R” i—1 R"

=Bl 27 [ I (6)] (14 20 )ax
j=0

[ee]

= Wl g, o240/ [ (1 [ Moo e ) g,

p.gw j:O

Then choose M > max(n(1/r — ), n(pt +1)/r) to conclude. To prove S(R") < FJ,, we
fix x € Q = Qjyk, then as seen before we have for some ¢, > 1

Q C B(0,c,2 ™G0 (1 4 |x])),
and B(0,1) C B(0,c,2~ ™00 (1 4 |x])).
Thus, if w € A,, then

w(B(0,1)) _ B(0,c,2” ™nlo0 (1 + |x|)))
w(Q) w(Q)

<2 min(jQ,O)nro(l + |x|)nr02n]‘Qro.

<

Hence
Zmin(jQ,O)nVozfanTU(l + |x[)7" < w(Q). 4.7)

Assume first that jo > 0 and choose r € (0,min(1,p,q)). Then using [32, Lemma 2.4], to

obtain
1 0o p/q 1/p
[w(Q)I {/Q (Z 2W’|Vf*f(x)lq> W(x)dx]

J=ia
1/p

J=io

o p/q
= HfHSMH[w(lQ)]T {/Q <Z 279 -MA (1 4 |xy)(M+n)q> w(x)dx]

[ 00 p/r 1Yp
< [fllgwe /(Zz-ﬂM-*)r) 2P (1 [ =P (1)
QN

i i=jq
— - 1/p

00 p/r
< HstM+1 / (Z 2j(M’Y)r> 2njqropr(1+ |x‘)f(M+n)P+nroprw(x)dx
Q \j=jo
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Choose now M > 7 + ntry, to get

kwé}{/ (z:zf )pmuwxﬁhl

1/p

J=IQ

. Vp
< 1fllgnez om0 [ (14 o)ty |
Q
If (M +n)p —nropt > nry then since w € A,, we have
/ (1 + |x|) (M+n)p+nropt ( )dx

< / (1 4 |x[) = MHmPER0PT 35 () g < / w(x)dx.
R" B(O,l)

We conclude, by choosing M > max(0,n — nry/p + ntrg, v + ntrp), that

1/p

- r/q
i [ (£ o) oton] <o

J=I
On the other hand if jo < 0, then we have by 4.7
(14 [x)™" 2 w(Q).
Arguing as before to get

0o p/q
ST !/Q (;mm * W) w(x)dx]

]

1/p

0o p/r 1/p
= fllgmn {/Q (Zz_j(M_V)r> (1 + [x]) - (MFERPEm0P T (x )dx] = 1 fllsm.

j=0

O

The following proposition can be obtained by arguing as in the proof of Proposition 4.1
given in [35].

Proposition 4.2. Let 7,7 € R, p,q € (0,00 and € € (0,1).

1. The space Ap 41w is monotone with respect to g, namely, if g1 < g2, then A} ., — AJlg, .
2. The space Ap g1,w 18 monotone with respect to g, namely, for all 41,42 € (0,00],

Y+e,T
Ap q1,w — Ap Go,w -

3. Forall p € (0,00),

T
7 o — Fliiw— B

pmin(p,q),w pmax(p.q),w

In particular, if p € (0,00), then By = F)y -
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Definition 4.2. For f € &/, let

p/q
Hf”F;YTw Zlell:Q)[w(l |:/ (22 (vif)(x ) w(x)dx]

1112, = sup sup| Q1 7/ "20(Q)M" |0 f(x)].
v QeQ xeQ

1/p

and

Definition 4.3. For f € &/, let
, g/p VA
(/Q ]2”1/]-f|pw(x)> dx]

115z, —sugsug\Q\ T ( QY vy f ().
e xe

I, = 509 e [i

j=0

and

Theorem 4.1. Let f € §'.

1. Ift—1/p <0, then f € A}, if and only if |[f[|',. < co. Moreover,
pAw

1 agz, = 11Ty,

p.4q,w

2. 1f T—=1/p >0, then f € Ay if and only if ||f|[%,. < co. Moreover,
paw

fllagz, = 161
In particular, if T —1/p > 0, then || f| |B§’; || f] ’Fﬁu'

Proof. We consider only the Triebel case. To prove (1), it suffices to show that

111y, = 11£ ez,

pA,w

since the inverse inequality obviously holds true by definitions. Put

. o p/q p
0= P {/Q (j_zozmwjf(x)w) w(x)dx] .

]Qvo 1 r/q
{/Q< 2]7‘7\1/jf(x)\‘7) w(x)dx]

p/q Vp
+ ( Yo 2Mf( ) w(x)dx
Q J=jVO0

= ]Q+||fHF”

pqw

Then
1/p

27
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joVo—1 r/q p .
where Jo = fQ (ZJ 2”‘7|1/]-f(x)|”7> w(x)dx = 0 if jop < 0. We only need to

estimate [g in the case that jo > 0. For any j € N with j < jo — 1, there exists a unique dyadic
cube Q; such that Q C Q;j and [(Qj) = 27/. Taking x € Qand y € Qj then it is easy to see that

vif (x) = inf (v7 f)a(y)

yeQ;

for all A > 0. Then choosing r € (0, min{1, p,q}) to find

1 jo— 1 p/a 1/p
[w(Q)]* {/Q (Z(:) zmyujf(x)yq> w(x)dx]
i=

1 [ jo—1 p/r vr
= i | R o) w(x)dx]
1 : jo—1 plr p
= [w(Q)] / (2 2W|y1é‘5] Vi Al ) w(x)dx]
1 : Jo—1 1 Vp
jp ) [Pw(x
X @@ /Q<]Z;) (=@ Q,2 Cin) ) ]
! (@) (@) | i (@)
“| & R Q)7 Wi - ].Z< o0 Wl
Mi_ 1/r
) ]Qzlz(ij)r(Sn(rl/lﬂ)] HfHF;qrw < HfHF“ , sincet—1/p <0.
L j=0

Now we prove (2). We have for x € Q

Q177w (Q)VP i f(x)]
= w(Q)””_Tyigf(lQl_”/”V-* Haly)

= w(@Q)P T w(Q) P fllgr, = IIfllrgz,

paw paw



Weighted Besov-Triebel-Lizorkin type spaces 29

On the other hand,
1 0 p/q 1y
[w(Q)]T |:/Q (j:%\/obnwf(x”q) W(x)dx]
N 1/p
S st 1/ 1D S D DU A O PR EST N IEOTS
N [w(Q)]T Q \j=jovo 1(P)=2-1, PCQ /
[ a\ P/4 1Yvr
1 o0
T w(P)TYPxp(x w(x)dx
= Hf“FMw[ Q)] /Q j:jZQ:vo (l(P)ZEf,PCQ (P) xp(x) (x)
. q\ P/4 1 1/p
# - -1/
<l oo [fo |, 2, (l(P)sz T I

1/p

co w(P)\ " N\
% T — 7
I | X l(p):;,pcg<w<®> 2o ()

1/p
<R, (Zoz Tww@)]
L \U=jeV

= 111,

p.gw

O

As an application of Theorem 4.1, we prove that the space FS % coincides with the Morrey

space MET, which is defined to be the set of all measurable functions f such that

1/p
Pl = sup i | 1A oos|
QeQ
Corollary 4.3. Let w € Ap,1 < p < co and assume that 7 —1/p < 0. Then
0,0
M = Fy

with equivalent norms.

Proof. We first prove that ML < F%0

2w By Theorem 4.1, it suffices to show that, for all
feMi”

1 - p/2 1/p
SUP w(Q)]F {/Q (Z{;|ij(x)|2> w(x)dX] =g (4.8)
€ =

For a dyadic cube Q = Q(xo,7), set fi = fXQ(xy2r) and f2 = f — f1. Then it is well known that

1/p

1 > 2 bz 1 p vy
"= wF /Q<]§‘fo1<x>‘> oix| X e | ik
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see for instance Theorem 1.10 in [26]. This leads to I; < [[f|[p+. On the other hand, we have

1/
T <jzo‘vjfz(X)|2> : Z S Ix—y!” W= Z/ 2’<r+!x—y\) 4

where, for k € N, Sy = Q11 \ Qx and Qx = Q(xp, 2"r). Using Holder’s inequality, to get

oo 1/p w*P’/P(y) 1/
: ; (/Sk |f(y)|”w(y)dy) </Sk (2kr + |x — y| )’ dy)

1/p ) 1/p
([ o) " el (f, v )

=X
)

1/p —1/p
< ([ 1rwrewa) ([ wwy)
[} *1/}7 =)
< fllgr Bl ([ wldn) =11l Y lro(@ue) ™
k=1 Qi1 k=1
It follows that,
p/2 Vp -1/
1 "y 2 S [W(Qk+l)] ’
- , d b TNkt
[Y/U(Q)]T |:/Q (jz()h/]fZ(X)’ ) ZU(X) x] = Hf“Mw ]; ?/U(Q)
© -1/
= Il 1o () "<l
=1
Similar argument leads to
F = ME".

O

Lemma 4.4. Let T > 0and q € (0,00] and —oo < 1 < 7yg < +o0. Assume that w € A and for all
0<t<1, w(B(x,t) >t for somed > 0and all x. If

d d
O<PO<P1 <+005HChth€lt’)/0———')/ -
Po P’
then
Blaw < Bl ws
and if
d d
0 < po < p1 < +oosuch that yo— — =y — —,
Po p1
then
Fpoqw = Fpligu-

Proof. We only prove the first inclusion. The proof of the second one is similar.

Let m > 2n and let B = B(x0,27/) be any ball of R" with radius 27/. Then for any x € B;
and for any v > ] VV 0 we have for ¢, f = f,

1/r
e (22 m [ 2MAEras \x—z|zv>—mdz> .
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Hence

| A

0 p/r
[folx (Z 27| £, ()| (1 + |2 — 2[2") mdz)
=1 Bj_j

| A

i (/B] i 12vn‘fv( (14 |x — z[2) mdz>l71/r

_ ];zfm </Bm 2|, () (14 |x — 2|2Y) mdz)

[ee]

po/r
([ 2RI -z ) = L2 () 0
Bjj

To estimate I(x) we use Holder’s inequality and the B,-condition to obtain,

(p1—po)/po
o (x) < ( / zV"|fV<z>|P0w<z>dz) ( [ 20 —z|z“>-mm“w<r-m>/mdz)
B] —j-1 R"

1-r/po

A

(pr=po)/po (1=r/po)(p1—po) /7
2" fi(z |p°w(2)d2> (/ 21+ |x — Z’ZV)mPo/rw(fpo)/Podz>
] R

p1—po)/ po
/ 2 £ (2) )z <
B] j—1 |X—]/|§27V
(

j—1
( ) </
(P1—po)/po (1=r/po)(p1—po)/r
) (/ w V—PU)/POdZ>
l j-1 |x—y|<2-v
Y
(

r=po)/Pody

PN

> (1=r/po)(p1—po) /7

(PN

)dz
27, (2) Pau(z) 2
)dz

A

p1=po)/po (Po—p1)/po
(f 2n@ree:) [ )" i
By-jm1 [x—y|<2

1—Ppo)/ Po

p
< pdv(po—p1)/po </ |fV(Z)|p°w(z)dz)
By j
On the other hand y

r PO r
o) = (MU fel xe )

We conclude that

dv(po—p1)/po \ o—jm (1=po)/po po/r
il x2tvnim oo ([ @)l ) (MAUfel K, 0)"

j=1 J-i-1
It follows by using Fefferman-Stein inequality that

/\fv ) [Prao(x)dx < 29(- m/vozz m(/

i=1 Bj_j1

1/ po
\fu(2>\”0w(2)d2>p "

Now, since po/p1 < 1, we obtain

1/m 00 ] p1/po| Po/Pr-t/po
(/ IfV(x)Iplw(x)dx> < 2dv(po—p1)/ (p1po) LZ p—jm </ IfV(z)|P0w(z)dz> ]
By By j1

—

o 1/po
< 2v(po—p1)/ (pop1) lz 2—jmpo/p1 / |fv(z)|7"0w(z)dz] .
Byj

=1
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Thus if 1 —d/p1 = o — d/po, then

[ee]

Yoo

q/po
: 270" £, (2) \”OW(Z)dZ]
j=1 J-j-1

(/B] ’271ny(x)|mw(x)dx> q/p .

o 9/ po
< sz]mmm(l,q/po) [/ ]27°va(z)|p°w(z)d2] .
j=1 Bjj1

This leads, by choosing m large enough, to

[ee] [ee]

i </B, \271va(x)‘P1w(x)dx> q/p1 < ngjmmin(l,q/m) Z {/B]jl 1200V £, (2)|Pow(z) dz

}q/lﬂo
v=JVO0 j v=(J—j—1)VO0

[e0]
=< w"(By) Z p—jmmin(14/po)
j=1

w™(Bj—j-1) 1 . 0 4/ 7o
wm(B]I) w™(Bj-j-1) [/B,]-] 27 £ (2)]” W(Z)dz]

oo
< w™(B) Zzf]mmm(l,q/po)wnpoj/r’VHZZS;W < wfq(B])HfHZgg;w.

v=(]=j-1)V0

j=1

5 Spaces on special Lipschitz domains

Definition 5.1. A special Lipschitz domain (SLD), () C IR" is an open domain lying above the
graph of a Lipschitz function 6 : R*"! — R, i.e,

Q={(,xy) eR":x, >0(x)},
and there is a positive constant A such that

0(x") = 0(y)| < Alx' —y'|, V¥, y e R*L.

Let D(Q) be the set of all infinitely differentiable functions supported in () and denote by
D’(Q) its dual.
For a SLD (), the spaces BZ,’,;, »(Q) and FI;’, qu(Q) are defined to be the restriction of the

corresponding spaces from R” to (), i.e, we denote by h|n = f in D'(Q) the restriction of a
distribution f on R" to ():

Afaw(Q) = {f € D'(Q) : Ig € A%, 8la = f}

endowed with the quasi-norm:

[ f 1]z

pa,w

@ = nf{lIgllare () f =8l § € A = Apgw(R")}.
Consider a SLD Q) C R" as in Definition 5.1 and define the cone K with vertex at the origin

by

K={(x,x,) € R": |x'| < A lx,}.
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Note that the cone K has the property that its shifts x + K C () for each x € ). Denote by
—K = {—x : x € K} the reflected cone of K. Then for every v € D(—K) and f € D'(Q)), the
convolution v * f(x) = (f,v(x — -)) is well defined in Q since suppv(x —-) C Q for x € Q.

Proposition 5.1. [25, Proposition 3.1] Let () be a special Lipschitz domain. The distribution
f € D'(Q) belongs to S'(Q) if and only if there exists ¢ € S’'(R") such that f = g|n.

Proposition 5.2. [25, Theorem 4.1 (a)] Let () be a special Lipschitz domain and K its associated
cone. Then there exist functions ¢, ¢, o, p € S supported in —K such that

/}Rn x*p(x)dx = /IR" x*p(x)dx = 0 for all multi-indices «, (5.1)

and -
f=)Y ¢ijx¢jxfinD'(Q) (5.2)

j=0

forall f € D'(Q).

Theorem 5.1 (Extension theorem). Let ¢p, ¢, o, € S be as in Proposition 5.2. Let w €
Aw,0 < p,q < 00 (p < oo in the AJj,(Q)-case). For any ¢ : O — R denote by gq its
extension from () to R" by zero. Then the map £ defined by

e

D'(Q) 3 f =55 Y i+ (¢ % f)a in D'(Q) (5.3)

j=0

yields a linear extension operator from A}/ .,(Q) into the corresponding spaces on R".

Remark 5.2. Theorem 5.1 is a generalization of Theorem 3.6 in [10] where w is assumed to be
one. The key element of their proof is Lemma 3.3 with w = 1. Since Lemma 3.3 is valid for an
arbitrary w € Aw, similar arguments in the proof of Theorem 3.6 in [10] lead to the results in
Theorem 5.1.

Remark 5.3. Since in [10] the detailed proof is given only for Besov spaces, we provide the
detailed proof for Triebel spaces for the sake of clarity.

Proof. Step 1. Let (gj)jen, be a sequence of measurable functions and denote by M3)(x), the Peetre
maximal function of g;, defined as

ME(x) = sup |g;(v)1(1 +2x—y)™N, N>o0.
yeR?

We will prove that if 27 M5 (x) € L} (17), then the series Y22 * g; converges in S'(R") and
Hzfio wf*ngF""T = "(2k’y(M§]]()keNoHL;§’w(lﬁ)-

p.q,w

We start with the following elementary inequality

Gex > gi(x) < M) [ 9x @) (1 +2ly) ey, WM =0, 54

Then we have the following Heideman type estimate, see [3]

/}Rn 9% ¢ ()| (1+ 2y )N < Cypn2 M, vM > 0. (5.5)



34 A. Loulit

Taking M > |y| + nroT and put 0 = M — |7y|, we obtain
2 x i x gj(x) = 2772~ k=il A% (). (5.6)

Assume that

.
(M) neno [

T (1) < 00

Then
1/p

p/q
1 d _
|[¥j* gl |F%zzug,f = sup O /Q Z ok(y 2a)q’(¢k * 1 *gjﬂl) w(x)dx

Qe k:jQVO

p/q
<2 o /Q( > <2”2M”M%<x>>q) e

k:jQVO

1/p

< Z*j“] ‘ (2k7 (M}g\; )kelNo ‘ ’Lg,w(”)’

using that |k — j| > j — k. Therefore Y3 ¢;  g; converges in Fy ;i,a’r and hence in S'(R"), since
Flow’™ < S'(R"). On the other hand, we have 2¥7|¢y % Y520y x 8j(x)| X L5 27K Tlo 2 M (x).

Then since o > ntry we have by Lemma 3.3

| Zle*ngPg;;w = "<2k7(Mfg\?>keNo|‘L;,w(lﬂ)- (5.7)
=0

Step 2. Let f € F)y(Q). Then, for any € > 0, there exists § € F)y,(R") such that g|o = f in
D'(Q) and

gl Eyr, ey < [fllEyz, ) € (5.8)

p.q,w

On the other hand, we have v;f = v;g if y € Q) since suppv; C —Kand y + K C Q for any point

y € Q. In consequence SUP,cq % < SUp, e %, where ¥ = (x/,20(x") — x,,) € O is
the symmetric point to x = (x',x,) ¢ Q) with respect to Q). Let gj = (vjf)q. Then by [25, p. 248]

we have:

_ lvif W) ;
sup 18 ()l . = SUPyecqn W ifxe 5_), (5.9)
yeo L+ 1x=yD* | <sup, areay fred

Using 5.7, 5.8, 5.9 and arquing as in the proof of Theorem 3.6 given in [10], we get

1 Fllgr, ey < 1LY 5% (9% Fallgr, oy = 11 (MR )keni (i)
j=0
1 o p/q 1/p
jsui/ 271 (pFh) N (x)]1 w(x)dx < 1Al v from
QGFQ’ w(Q)[7 [ 0 (j_%vo [(¢7h)n (%) ) (x) ] Rl gz, ey

= Hf|Fg,;,T,w(R”) +e€.

Letting e go to zero, we conclude that the extension operator is a bounded linear operator from F)y,(€2)
into 'y, (IR"). Finally, since the supports of o and  lie in —K, it follows that

(€f)a = i)wj*f — finD'(Q)
L

which completes the proof. |
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6 Conclusion

This paper introduces a framework for non-homogeneous weighted Besov-type and Triebel-
Lizorkin-type spaces by incorporating Muckenhoupt weights into the framework developed
by Dachun Yang and Wen Yuan. The main contributions include local means characterizations,
embedding theorems that unify several existing function spaces, and the construction of a
Rychkov-type linear extension operator for these spaces.

We believe that the results presented in this paper can be naturally extended to weighted
Besov-type and Triebel-Lizorkin-type spaces with variable exponents, opening new directions
for future research.

Appendix

We adapt here the proof of Proposition 3.4 in [5].

Proof of Proposition 2.1. Set
B 1 = . alp M
T SUp —— s 21My; ’”wx) dx| .
g5, = w0 poge | 25 (27w

Let Q be a dyadic cube. Then since Q C B(xg, v/nl(Q)) and |Q| =~ |B(xq, v/nl(Q))| we have
by Lemma 2.1 w(Q) ~ w(B(xq, v/nl(Q))). It follows

1 = | arp M1
oo < 2]')’ f£IP d
1l = 328 TaBlre, VL@ L]Z (g iy 2779 ]

= [fllgyz,

On the other hand, by the properties of the dyadic cubes, there exists k € IN not depending
on | such that
BjCUi_1Qf, BNQj#®, Ww=1,...,k

Here, Qy is a dyadic cube of side length 2=/, Now, since Q? C (24/n+1)Bj, Lemma 2.1
implies w(Qj) = w(By). Hence,

1 = . ap 71/
B, W lz </BI ‘2]71/jf’79w(x>> dx]

=JV0

1 N arp M
= Zsupm { Y. (/L |2j7vjf\”w(x)> dx]

v=1 QJ j=JV0 ]

=gy, -

Now set

. . p/q 1/p
Iz, = =pp W!/B](zzwf ) w(x)dx] |

j=Iv0
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Then similar argument as before leads to

p/a Ly
£z, < sup ! / Y, 2] w(dx
P Qe [w(B(xg, vnl(Q)))]T | /B(xq, vil(Q) j=JV0
p/a 1p
= |IfI|Fy = sup % / i 2Muif ") w()dx| = fllg,-
pae ~ geg [w(Q)] Q \j=/vo P
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