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Abstract. This paper analyzes the stability of a fully discrete finite element approxi-
mation for a class of nonlinear parabolic variational inequalities of obstacle type. The
temporal discretization is based on a §—scheme. We derive a stability condition for
the scheme that depends critically on the parameter 8. We prove that the method is

unconditionally stable in the L2—norm for @ € [%,1}. For 6 ¢ [0, %), we establish a

precise Courant-Friedrichs-Lewy (CFL)-type condition, At < , where

L(1-6(1—-9))
L is the Lipschitz constant of the nonlinear source term. The analysis is based on a care-
ful choice of test functions in the variational inequality and by deriving sharp estimates
of the associated bilinear form.
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1 Introduction

Parabolic variational inequalities (PVIs) naturally arise in many fields, including finance (for
example, American option pricing, BENsoussaN AND L1ons [3], MADr et al. [25]), mechan-
ics (such as contact and unilateral problems, BREzis AND STaMPACCHIA [12], DUVAUT AND
Lions [15]), and physics (e.g., free boundary and diffusion phenomena, LiONS AND STAMPAC-
CHIA [24], RODRIGUES [27]). Among these, obstacle-type problems form a fundamental and
extensively studied subclass, where the solution is constrained to lie above or below a given
function, the “obstacle”.

The elliptic obstacle problem, modeling the equilibrium position of an elastic membrane
constrained to lie above a fixed obstacle, is a cornerstone of the theory. Its analysis dates back
to the seminal works of BrEzis AND STaAMPACCHIA [12], LIONS AND STAMPACCHIA [24], and
StamprAccHIA [28], which laid the foundation for the mathematical treatment of variational
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inequalities. The parabolic counterpart, which is the focus of this paper, introduces the time
dimension, making it suitable for modeling evolving systems like American options with early
exercise features or the dynamics of contact problems.

PVIs also have important applications in engineering, for example in structural optimi-
sation and fracture modelling (GLowiNnsk1 [18]), in control theory for optimal stopping and
constrained stochastic control problems (BENsoussaN AND Lions [3]). These problems are
numerically challenging due to their inherent nonlinearity and the strong coupling between
the differential operator and the inequality constraint (KACUR AND VAN KEER [22]).

Research on numerical methods for PVIs remains active and extensive. Semi-discrete
methods, where time remains continuous while space is discretized (method of lines), are
classical. Fully discrete methods usually rely on implicit time-stepping combined with tech-
niques such as projection (FRIEDMAN [17]) or penalisation (FaLk [16], Vuik [29]) to enforce
constraints. More recently, innovative numerical frameworks have emerged, including space-
time finite element methods that improve convergence and adaptivity ( BouLBRACHENE [8-10],
BOULBRACHENE et al. [7,11], CORTEY-DUMONT [14], CARvAJAL et al. [13]), and advanced adap-
tive finite element methods targeting obstacle problems ( GustArssoN [19], NocHETTO et
al. [26]). Moreover, recent studies have provided generalized error estimates for parabolic vari-
ational inequalities ( ALNASHRI [1], BENcHEIKH LE HOCINE et al. [2], BouLAARAS et al. [5,6],
Ha1our anDp Habip1 [20]) and explored new classes of problems involving hemivariational
and degenerate parabolic operators (HAN AND WANG [21], L1 AND Br [23]). These advances
highlight the ongoing development aiming to better understand and efficiently approximate
PVIs.

This paper contributes to this body of work by providing a precise L>— stability analysis
of a f—scheme applied to a nonlinear parabolic variational inequality of obstacle type. The
stability condition we derive explicitly links the choice of the time-stepping parameter 6, the
time step At, and the physical parameters of the problem (Lipschitz and coercivity constants),
offering practical guidance for robust simulations.

The rest of this paper is organized as follows. In Section 2, we state the continuous prob-
lem, its assumptions, and its variational formulation. Section 3 introduces the semi-discrete
and fully discrete finite element approximations. The core of our stability analysis for the
f—scheme is detailed in Section 4. Finally, we conclude in Section 5.

2 The continuous problem

2.1 Preliminaries and notation

Let Q be an open, bounded, and convex domain in R? (4 > 1) with a smooth boundary
denoted by 9Q). We use standard notations for Lebesgue spaces L7 (p € [1,4o0)) and Sobolev
spaces WP ((}). We denote H" (Q)) = W™?2 (Q)) and define H} (Q) the closure of the space
of test functions C§° (Q2) with respect to the ||-[| 1) norm. The inner product in L2 (Q)is

(u,v) = /Qu(x)v(x)dx.

Let T >0and | = [0,T], Qr = ] xQ, and 7 = ] x 9Q). For a normed space E, the
Bochner space L’ (J; E) is defined with its standard norm.
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We consider a second-order elliptic operator £ in divergence form:

d au ou d Ju
kZ:: a ax + ; br (x) Txk +ap (x)u, (2.1)

where the coefficients are sufficiently smooth. We assume uniform ellipticity: there exists
«p > 0 such that for almost every x € () and for every vector ¢ R9, we have

d
Y agdil > ao |E]7, (2.2)
ik=1
and that
ap(x) > p >0, forae. xeQ. (2.3)

The associated bilinear form a (-, -) on H} (Q) x H} (Q) is defined by

a(u,v):/0<i ai(x au 90 ibk —v—kao( ) v) dx. (24)

1 axl axk

This bilinear form is continuous and, under the given assumptions, can be made coercive
(see Proposition 2.1 below).

Proposition 2.1. If the bilinear form a (-, -) associated with the uniformly elliptic operator A is con-
tinuous but not coercive on H} (Q)), then there exists a constant Ag > 0 such that for all A > Ag the
modified bilinear form

b ) =al,)+A(,) @5)

is coercive on H} (Q), i.e., there exists a constant vy > 0 such that
b(v,v) >y HvHél(Q) , forae ve H)(Q). (2.6)
Proof. Let v € H} (Q)). By the definition of a (-, -), we have
d d
ou dv ou
a(u,v) = A (X) =—=— + be (x) =—v+ag (x)uv | dx.
(o) = [ (kz K g+ L b () o+ a0 (3 )
We decompose this expression into three integrals:

av dvu

]. Il—/ Z ﬂlk a ‘aixkdx’
l

i,k=1

2. 12_/ Zbk —vdx
of

3. Iz :/ ap (x) v*dx.
0

Thus,
a (ZJ, U) =05 +1,+1s. (2.7)

Now we need to calculate the integrals Iy, I, and I.
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1. For I;: By the uniform ellipticity assumption (2.3), we have

d
Y aulilx > ao|é*, ae. inQ, forall ¢ € R,

ik=1

Applying this inequality with { = Vv (x), we obtain

d
Y anéite > ao |Vo (x))7.

ik=1

Integrating over () yields

I > ag /Q Vo (x)|* dx = ag ||V0H%Z(Q)

2. For I: Define
d
1Blleo = 3 15t co -
k=1

where ||by||,, = maxyeq |br(x)|. By the Cauchy-Schwarz inequality,

d
L = |/ Z —vdx

d
SZ/ by (x ]' |o| dx
< hadl
Eﬂmégwk IEAEE
0
— Y Ib /7 d
3 il | e

Jv

< Enbkuw( dx)% (/. \vrzdx);
= o] (/1 ) ([ ot as)

| < (bl [Vl 20 10l 20

Thus, we obtain

Therefore,
Iy > = ||blle VOl 120y 121l 12(00)

3. For I3: From the assumption ag (x) > B > 0, we directly get
I; = / ao (x) v*dx
3= | % (x)

> 2d
_[S/Qv x

L > Bl[v]7q)

Thus,

(2.8)

(2.9)

(2.10)
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Combining the inequalities (2.8), (2.9), and (2.10), we obtain

a(v,0) > 10 | Vol i) = 16l V2l 2 1ol 12(0) + B 1101220y - (211)

For any € > 0, Young’s inequality ab < gaz + zl—eb2 gives
€ 2 L2
IVoll2 i) 19lli2(0) = 5 IVOli20) + 52 [9012(q)
Applied to the cross-term in (2.11), this implies
€ 2 L2
— 1l VOl 2@ 2ll12(0) 2 = Iblles { 5 IVOlI2(0) + 52 101120 ) -
Substituting into (2.11),
€ 1
1 (00) 2 (0= 5 181.) 19010y + (B 3¢ 101 ) Il 212

By definition,

b(v,v):a( v)+ A (v,0)

- +/\/

= a(9v,0) + Al[v[|72

From (2.12), we have
e|lb

Choose € > 0 such that the coefficient of || VUH%Z(Q) is positive. For instance, take

e= 20
18]l
Then 1
€le _ 0 A0 _ R0
5 = o 5 5 > 0.
With this choice, inequality (2.13) becomes
b(0,0) > 22 | Vol + (A -+ — 12l ”°° v]17> (2.14)
) 25 12(Q) B— L( :
Let 5
_ Ivlis
Ao = T B.

Then, for all A > Ay, the coefficient of Hv||i2(0) in (2.14) is positive.

Since v € H} (Q), Poincaré’s inequality guarantees the existence of a constant Cp > 0 such
that
ollz2(0) < Cp VoIl

The norm |[v[| ;1) is equivalent to HVUHLz(Q)
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Therefore, there exists a constant v > 0 (depending on wy, ||b||,,, B, A) such that

b(0v,0) > 7[|Vol[f2(q

2
=7 llolE ) -

This establishes the coercivity of b (-, -) on H} (Q) for

[
A>A — — B
> Ay > 2u, ,3

Now, if

- =2 >
& 20 >0,

then Ap < 0and a(-, -) might already be coercive without adding A. The proposition addresses
the case where it is not, which requires A > Ag > 0. O

2.2 Problem statement and variational formulation

We consider the following parabolic variational inequality:

Problem 1. Find u : Q7 — R such that

%%—Eu—f(u)SO, in Qr,
uglpr inQT/
<aaz+£u—f(u)> (u—1y) =0, inQr,

Uli=o = up, inQ,
u=0, onZXr,

where 1y € L? (Q)), the obstacle ¢ € L? (0, T; W** (Q))), and f : R — R is a nonlinear source
term assumed to be non-decreasing and Lipschitz continuous:

f)=fWI<L VYxyeR, (2.15)

with the Lipschitz constant L satisfying
L < B. (2.16)

The corresponding weak formulation is to find u (t) € K = {v € H} (Q) : v < ¢ in Q} for
a.e. t € (0, T] such that

(?ﬁ (t),v—u(t)) +a(t),o—u(®)>(f(ut),v—u(t), vek, 2.17)

with u (0) = up.
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3 Numerical approximation

3.1 Spatial discretization

Let S, be a quasi-uniform triangulation of () with mesh size h. We define the finite element
space V), of continuous piecewise linear functions:

V= {Uh € C(Q) Z?Jh|Tj cPy (T), YT €Sy, v, = OonaQ}. (3.1)
Let r; : H' (QQ) — V), be the Lagrange interpolation operator. The discrete convex set is
Kn={on € Vi :op < i}

The semi-discrete problem is: find uy, (t) € K, such that for a.e. t € [0, T],

<aauth (£), o5 — uy (t)> +a(uy (t),on—up (t) = (f (un (t),op —up (), on €y (32

with uy, (0) = ug .
3.2 Fully discrete 0 —scheme
Let At = % and ty = kAt for k =0,1,..., N. For a parameter 6 € [0, 1], we define
ubt? = guf ™+ (1—0) uj. (3.3)

The fully discrete scheme is: for k =0,1,...,N — 1, find ul,f’l € Kj, such that

k1 k

(“hAtuh,vh — uﬁ*‘)) +a (ui‘fe,vh - “ﬁw) > (f <“ﬁ+9) ,Op — ”i{fe) , o €Ky (34)

4 [*—stability analysis
The following theorem is the main result of our stability analysis.

Theorem 4.1. Assume that the bilinear form a (-, -) is continuous and coercive with constants M and
7y, respectively, and that f is Lipschitz with constant L. Then, the 6 —scheme (3.4) satisfies the following
stability properties:

1
1. For 0 € [2, 1] , the scheme is unconditionally stable in the L2 —norm.

2. For 6 € [0, ;) , the scheme is stable under the condition

2
M= Ta—ea—o)

Proof. Let uf and u']frl be two consecutive solutions of the scheme (3.4). Since both reside in
K1, oy = uf is an admissible test function in (3.4) for the time step k + 1.
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Choosing this test function yields

ykH k
—Uu
( h - h ”ﬁ k+9> +a( k+9/ ul}cl _ u£+9) > (f <u£+9> ) uﬁ _uilfre). 4.1)

Let us denote
k+1 k+1 k

As uf ™ = 0uft! + (1 — 0) uf, then we have:
ub —ukt? = g e, (4.2)

So, the first term in (4.1) becomes:

Sk
uy bk ko) k+1 ko k ki
A T = ( Uy " — Uy, Uy — Uy )

2l

_ é (ek+1/ iy ek+1)
_ _% (ek“, ek+1)
T At H o 12(Q)

Substituting into (4.1) and multiplying by At, we obtain:

—0 Hek+1HL2( o +Ata ( k+9, uk — u’f‘g) > At (f (u’;l”) , uf — u'fe) ) (4.3)
Notice that
a <u2+9’ ul;Z _ ul;lw) - _a <MIZ+9/ k+6> ta ( k+9/ u'fz)
d
T ) ) = () )+ (), )
Hence
ar (o (st o) o () ) e (7 () o) = (7 () b)) 2 0]

(4.4)
The left-hand side can be interpreted as an energy difference. We now proceed case by

case. .
Case1: 0 € [2, 1]
Using the coercivity of a (., .), standard estimate yield:

a <”Z+9r k+9> > ,YH k+9’

Hy(Q)”

then
a(ulﬁg, k+9) < 7H k+9‘

H(Q)
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Now, we use the continuity of the bilinear form a (., .) and Young’s inequality to estimate

k+0 k) .
o (1" uh)

o (s )| < M ] Hu’i o)
= <H ' HX( (Q)>'
Thus
e (it ) e () < (5 ) [ g+ 5 il 69

Now, we apply the Lipschitz boundedness of f, Cauchy- Schwarz inequality and Young’s
inequality with parameter € = 1 to estimate < f (ui‘fe) , ],2+9> ( flu < ],ﬁg) , u'ﬁ) :
Note that

() )~ () ) = (), )
- o))

Hence
() ) = ( () )] <05 (ot e ) 09
Combining (4.4) — (4.6), we obtain:
o (1-83) 1 [+ 2 ( =) T g =205 il #2017
4.7
Using the identity: 0
Hul’;w Q) =0 H i 12(Q) +(1-9) HuﬁHiZ(o) —0(1-90) Hek+l iZ(Q)' 48
Thus
o T =005 1 a7 P Bl o0 =

Combining (4.7) with (4.9), we obtain:

9<1—At12‘ (1- 9(1—9))) Hek“H;(Q)—kAt (7_M> Jue

9(1; Hul’<Z 2(Q)

Hy(Q)

< AifM

2 0L 2
oy 0 2+

Hy () 12(Q)

Observe that, for 0 > % :
1-6(1-6)>

1w
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. 2 . : o
So, the coefficient of ||e*™!| 12(0) Temains strictly positive for all At.
Let us denote:

9(1—At;(1+ 9(1—9))) G

We obtain an inequality of the form:

2 M 2
k-+1 M k+6
Co [+ 5y * 2 (7 3 ) 1 g
M 2 6(1-0)L 2
< g [l 7 1 o+ 2 P [
= 2 ||Mn H&(Q)+ 2 12 (Q)+ ! 2 Uil 20
Using the following inequality:
2 2 2
L2 5
@) L2(Q) L2(Q)
we obtain:
2 M
Colih [y = ol + 00 (=3 ) i
O 2y ~ 0 NHn LZ(Q)+ P\ 3 i HL(Q)
M 2 — 2
< ot u]] L o H k+1 +At9<19)LHuﬁ .
2 H\(Q) L2(Q) 2 L2(Q)
Using Poincaré inequality gives:
k+1 _ k ke
COHuh 12(Q) COH”’ZH )+C At H ‘ HL(Q)

< At C2H "“H iy TG Hu’,j ;(Q).

Thus

(Co— At C) Huﬁ“ ’

< At Gy ||t
12(Q) = 3””’1HL

= Collloy + €1

0

2(Q)

where C;, C, C3 > 0 independent of of At.and h.
2
As 0 > 2, then the coefficient of H k1

L2(Q)
(Co — At Cz) >0,
then, this term is absorbed into the left-hand side, yielding:

i

iy~ [y + 8 & 7y < 0 o]

12(Q) Q)

Summing for k = 0,..., N — 1 gives

N
(H k1
k=0

SN P RS f T PN w708
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Using the indentity:

N k1 ||? k|2 2 0112
k;o (Huh 2(0) Huh LZ(Q)) = Il ) = H”hHLZ(Q)
gives:
N-1 By
2
b~ W +006s B i <00 B,

Applying the discrete Gronwall lemma, we obtain:
2 2
20y < C llall 2

where C > 0 is a constant independent of At.and h.
Consequently, we have:

OSUP [l 120 <CHuhHL2

This proves unconditional stability.

1
Case 2: 6 € [O, 2)

The term Hek“Hiz(m must be positive and controlled. We return to the fundamental
inequality (4.4) :

At (_ ( §+9, k+9> +a( k+9, ul}cl) 4 (f( 1;1+9)’ iﬁe) (f( I;l+9), “h)) > GH k+1
Or equivalently:
a( l;<1+9’ k+9> +u( k+9, ul};) + (f( 1;l+9> ) ﬁ+9) (f( 1;l+9) ) uz;) > H k+1 ((2)1_0)

Using coercivity, continuity, Lipschitz continuity of f, and Young’s inequality, we can show
that:

12(Q)

o (1805 ) [ [y = A [y o+ 00 S oy + 20 5
4.11
where C4, C5 > 0 independent of At and h. ( )
Using the identity:
H i ) o Hul’('HH;(Q) +(1-9) HuiHiZ(o) —0(1-9) HekHHiZ(Q)' (412)

By substituting (4.12) into (4.11), , the coefficient of ||e**! Hiz Q) becomes:
L L
9<1—At2—|—At 29(1—9)).

Observe that for 0 < % :

0(1—0) > 6%
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_ 2 . . .
So, the coefficient of H ekt1 H 12(0y) €an become negative if At is too large, i.e.,

L L
1—-—At=—+At=0(1-6 .
2+ 5 ( ) <0

Then, in order to guarantee the stability of the scheme, it is necessary to impose:

2

M<rTa—ea—o)

which completes the proof. |

5 Conclusion

This work presents an Lz—stability analysis of a #—scheme applied to a nonlinear parabolic
variational inequality of obstacle type. It has been established that the scheme is uncondition-

1 1
ally stable when the implicitness parameter satisfies 6 > 5 Conversely, for 6 < o stability

requires a Courant-Friedrichs-Lewy (CFL)-type condition linking the time step, the coerciv-
ity constant, and the Lipschitz constant of the nonlinearity. These results provide a rigorous
framework for the optimal choice of numerical parameters in the simulation of obstacle prob-
lems. Future directions include extending the analysis to higher-order schemes and other
types of constraints.
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