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Abstract. This paper presents a novel numerical scheme for solving linear Volterra-
Fredholm integral equations (V-FIEs) of the second kind, utilizing exponential spline
functions (ESFs) in combination with fractional derivatives. The method simplifies
computational implementation by converting the original integral equation into a ma-
trix system. To prove the precision and stability of the suggested approach, a thorough
convergence analysis is carried out. Numerical experiments, backed by graphical rep-
resentations, validate the method’s high accuracy and computational efficiency, even
with a limited number of subintervals. All simulations and visualizations are imple-
mented using Python. The results indicate that the suggested ESF approach performs
noticeably better than traditional methods.

Keywords: Exponential spline functions, Linear integral equations, Approximate solu-
tions, Natural spline initial conditions.
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1 Introduction

Integral equations are fundamental in expressing a wide variety of problems in mathematical
physics. Although an exhaustive compilation of their applications is impractical, this paper
will explicitly examine and treat specific examples. It is no exaggeration to state that integral
equations are integral to nearly every field of applied mathematics and mathematical physics;
thus, the body of literature on integral equations and their applications is vast.

Recent research has extensively investigated the interplay among Fredholm integral equa-
tions, Volterra integral equations, mixed Volterra-Fredholm integral equations, and their re-
spective numerical treatments.

This work focuses on linear mixed Volterra-Fredholm integral equations of the form:

0(2) = f(z)+ 11 |

aop

a) z

l/)(z,t)go(t)dt—l—/\z/ P(z,t)p(t)dt, forzel, (1.1)
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where the unknown function ¢ is to be determined. The functions f € C[I,R] and ¢ € C[S, R]
are known, with S = {(z,t) : ap < z < t < a1}. The parameters A; and A, are constants,
I = [ag, a1], and we assume ¢ € C?[I,R].

Several investigations have previously utilized various techniques with suitable accuracy
and efficiency for analyzing Volterra-Fredholm integral equations. For instance, [2] used hy-
perbolic basis functions to solve second-kind linear Volterra-Fredholm integral equations.
In [6], the authors employed non-polynomial spline basis and quasi-linearization methods
to solve nonlinear Volterra integral equations. [8] used shifted Legendre polynomials approx-
imation for solving Volterra-Fredholm integral equations, while [3] employed an expansion
method based on the composition of inverse and direct discrete fuzzy transforms for Volterra-
Fredholm integral equations. Fractional calculus is used to solve problems in mathematics,
physical science, engineering, and computer science. There are many definitions of frac-
tional operators, such as Caputo’s fractional integrals and derivatives, Griinwald-Letnikov’s,
Riemann-Liouville’s [1,4,5,7,9-12].

The paper is organized as follows: Section 2 introduces the exponential spline function. In
Section 3, this function is used to solve the Volterra-Fredholm integral equation and obtain a
matrix form. In Section 4, lemmas and theorems are proven through numerical examples to
establish the convergence of the proposed method. In Section 5, the applicability and validity
of the new method are illustrated. Finally, concluding remarks are given in Section 6.

2 Exponential spline function

Consider a uniform mesh A with nodal points on [ag, a1] such that
Aiagy=ty<ti <---<t,=a,
where i = “-% The interpolating exponential spline function S;(t) interpolates ¢ at t;:

At(t—t;) At(t—t;) /\T(t—fj)

sj(t):gje/‘f(t’ti)—kbje L A —|—dje 8, j=01,...,n, (2.1)

where A and 7 are arbitrary constants. The following boundary conditions are used to derive
the approximate solution of equation (1.1):

Si(tj) = @i, Si(tiv1) = @1, Si(ty) = M;,  Si(tjs1) = M. (2.2)

Through algebraic manipulation of equations (2.1) and (2.2), we obtain
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. (Bag — 203 — wg)AT; — (2a8 — g + 10)ATPj 11
I (207 — 9aq + 7oy + 203) AT

(120(6 — 8ug — 41)(3)M]‘ + (120(9 — 8n19 — 40‘8)Mj+1

(207 — 9oy + 7oy + 203)AT ’

b — (4063 + 301 — 76(4))\’1.'% + (4.0(11 — 709 + 30(10))\T§l)j+1
7 (207 — 9y + 7y + 203) AT

(28&4 — 241 — 40(3)M]' + (280(9 —4nq — 240(10)M]'+1

(207 — 9 + 7oeg + 203) AT !

(14064 — 12066 — 21)(7))\1’@]‘ + (140(8 — 20(10 — 120(11))\T4)]'+1

G = (207 — 90y + 7oy + 203) AT
(16067 — 28064 + 12066)M]‘ + (160&10 — 280(8 + 120611)M]'+1
(20(7 — 901 +70g4 + 26(3))\’1.’ !
g — (8ag + 4oy — 1209)AT@; + (8r11 — 1248 +4)AT@j 41
J (207 — 9y + 7y + 203)AT
(2401 — 8wo — 16a7) M; + (24ag — 16a9 — 8a11) M1 1
(21)(7 — 91 + 704 + 2063))\’( ’
3Ath S5Ath 3Ath 9ATh S5Ath 3Ath Ath
Wherea0:e4,uc1:e4,a3:eS,o¢4:eS,0¢6:e S X7 = € S8 = €2 ,0g =
Ath Ath

SoMj_1 + 61 M + 02Mj1 = T[Y0@j—1 + 119] + V29j11), (2.3)
where
“2 _ e7/\8'rh/ DCS _ ell)\s‘rh/ ‘BO _ e%‘rhl ﬁl _ e—/z\l‘rh/ ‘32 _ e—SBArh’ ‘83 _ e—/é‘(h/

ﬁ4 _ 6—31\711, ‘85 _ e—7§wh’ IB6 _ e—)érh’

b0 = (12B0 — 8B1 — 42 +12 V200 + V25 — V&uy +7vhaz =3 VAas
-3 \/§a4+2\/§¢x5—3\/2750¢6>,

5 = ((2— V23)ag — g + (4 — V27 )az + (—14 + 7 V23)ay — 323
+(8— V25)ay 4 12B4 — 8B5 — 4Bs — 14 V2B1 + V235 4+ 12 V2B
— \/45[33 + 7 V4o + 2 V8o + \/§ocz) ,

5y = (—10 V2B0 — 91 — 286 + Bs — (5V23 — 12)ag + (3V/25 + 16)azg
+(3V23 —10)as — (V25 +10)a11 — 3 V2506 + 10 Vaay + 5a3) )
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70 (3/30— \3[“6 282~ P1+ V25B3+ \[a0+ \1/44
—3Vhdas — 20y + —— \f \focm)

1= <(10+ V23)as + (54 V23)ag — 3as + jial
+(7 - \75)&4 +(V2—1)ay + (3V2+7)ag — 383 — V23us
— V/8uy +2B6 — 3P4+ B + fﬁl fﬁo>

vy = (ms + 4ng + (V?) w10 + (6 — V25)ay; —4) .

With the natural spline initial condition My = M,, = 0, equation (2.3) has a unique solu-
tion. To obtain My, ..., M,_1, the system can be written in matrix form:

M= A"'B® = Fo, (2.4)

where M = (M, Ml,...,Mn)T, A lis a diagonal matrix formed from é;, B is a diagonal
matrix formed from «y; fori = 0,1,2, and ® = (o, ¢1,..., ¢u)".

3 Methodology

The exponential spline function proposed in Section 2 is used to approximate equation (1.1):

oz) = f(z) + M / et dt+ s [y D) dr

110 ao

)+ M Z / e dt+A22 / Pz, t)p(t) dt
+A1}:/ ¥(zi, 1) dt+A2):/ (i, £)S;(t) dt + O(i).
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AT(t—t;) /\T(t—[j) /\T(i—fj>

f(zi +/\12/ Y(zi, D[a ™) fbe T pee T wde s Jdt

At(t=t) AT(t—t;) At(t=t;)

—i—)LQZ/ P(z;, t) T(t_tf)—i—bje 7 +cje T +dje s ]dt—l—O(h4)

Zz + /\1 Z / Zzz (3“6 — 2(X3 — ao}qu — <2a8 — 3a9 i alo)qoj—i_l
(207 — 91 + 7oeq + 203)AT

B (1206 — 80(0 —4az3)M; + (1209 — 819 — 4&8)Mj+1) ATt
(207 — 9y + 7oy + 203) AT
((4043 +3a1 — 7ay)@j + (4a1y — 7a9 + 3010) @41
(207 — 9y + 7o + 203) AT
(280&4 — 24061 — 46(3)M]‘ + (280(9 - 40611 - 24.0610)M]'+1 w
(20(7 —9m1 + 70g + 2063))\’17 ) ¢
(1404 — 1206 — 207) @; + (14ag — 210 — 120011) @41
(207 — 91 + 7oeg + 203) AT
(160(7 — 28y + 12006 ) Mj + (1619 — 28ag + 12&11)Mj+1> ew
(207 — 91 + 7o + 203) AT
(8ag + 4y — 1209) @j + (w11 — 1208 +4) @iy
(207 — 9aq + 7og + 203) AT
| (24a1 — 8o — 1607) M; + (24us — 1625 — 8a) My +1> em;w} »
(207 — 9y + 7oy + 203) AT
T E /zj+1 St |:<(3(X6 — 203 — IX())gD]' - (2068 —3ag + “10)@]‘4—1
. (207 — 9y + 7oy + 203) AT

+

+

_ (12“6 — 8ap — 4&3)M]' + (120(9 — 8wyg — 40(8)M]'+1> AT()
(2&7 — 9w + 7ag4 + 20(3))\1'
((40(3 + 301 — 70(4)q0]' + (40(11 — 709 + 30(10)g0j+1 n
(207 — 9aq + 7og + 203) AT
(280&4 —24pq — 40(3)Mj —+ (28069 —4pq1 — 240(10)M]'+1 w
(207 — 91 + 7og + 203) AT > ¢
(1404 — 1206 — 207) @j + (14ag — 2010 — 120011) @41
( (20&7 — 91 + 7ag + 2063)/\”(
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(1607 — 284 + 1206) M + (16119 — 28ng + 120611)Mj+1) ew
(2067 — 90(1 + 70&4 + 2“3)}“—
(8axg + 4a7 — 12a9) @j + (8a11 — 1205 + 4) @11
( (207 — 9y + 7og + 203) AT
, (24m1 — 8ag — 1627)M; + (24as — 1605 — 8"‘“)Mf“> eAT(tstf)] dt +O(h*)
(207 — 9ay + 7ats + 203)AT '

The following integral parts have been solved by trapezoidal integration rule:

(Bas — 23 — o) pj — (208 — 39 + &10) P11
(2@7 — 91 + 70g + 20(3))\”(

i—1

o(z) = fz)+ Y [

j=0

ti
A / j+1 ll)(Zi/ t)e/\'((tft]')dt

tj

=1 [ (12006 — 8o — 4az) M; + (1209 — 8avyg — 4ag) M1 N
(207 — 9y + 7oy + 203) AT

j=0 i
i1 (4as + 30 — 704) @; + (daqq — 7a09 + 3 ; tj Ar(tt)
i (4as 1 4)90] (4a1y 9 10)¢]+1 A / j+1 Pz e Lt
far (207 — 90y + 7og + 203) AT f
l’i,j
i=1 1(28ny — 240y — 4az) M + (2809 — 4y — 2419) M; t At(tt))
LY (2804 1 3)M; + (28ag 1 10)Mj 11 n / i+ L Lo
fril| (207 — 91 + 7ag + 203) AT f
21 (1404 — 1206 — 2a7) @; + (14ag — 2019 — 12a17) @; t At(t—t;
N (14ay 6 7)@j + (14ag 10 11)Pj+1 " / 1 Pz e e
il (207 — 9aq + 7og + 203) AT f
C,',j
n i-1r (16067 — 28n4 + 12066)M]' + (160&10 — 28ug + 120611)Mj+1 A /fj+1 ( t) /\T(f;fj) it
i—oL (20&7 — 91 + 704 + 2063)/\1’ 1 t plzi t)e
=1 (8ag + 4y — 12009) @; + (8a11 — 12008 +4) o, b1 At(i—t;)
N (8ag + 4a7 9)@; + (a1 s +4)@j11 " / e e dt
i—ol (207 — 9y + 7og + 203) AT t;
di,]'
N =1 (2401 — 8ag — 16a7) M + (24ns — 16009 — 8a11) M1 N /tfﬂ (211 M
il (207 — 91 + 7og + 203) AT 1 £ plzi te
i—17 _ _ o _ 4 .
L (30{6 2u3 DC())Q[)] (20(8 39 + wlo)(p]Jrl Ay /Z]+1 1/](Zi, t)e)‘T(tftf)dt
frhl| (207 — 9y + 7o + 203) AT z
ei,j
i—17 _ _ _ _ _ , .
B (120{6 8ug 4&3)M] + (12069 8u1g 4068)M]+1 s /Z]Jr] ¢(zi, t)eAT(t*tj)dt
il (207 — 9y + 7ag + 203) AT X
i1 T (4az + 3 — 7)) @; + (4o — 7ag + 3a19) @ Zjin Ac(i-t))
I (4as 1 4)(P] (4o 9 10)90]+1 )\2/ i+ Plzi, e j gt
=0 (2067 — 901 + 704 + 20&3))\1’ zj
U,‘,j
=11 (28ay — 2401 — 4a3) M; + (28a9 — 4y — 24n19) M; Zjin At(i-t;)
" Z (2804 1 3)M; + (28ag 1 10)Mj 41 /\2/ i+ Wiz e Loy
(207 — 9y + 7oy + 203) AT z

j=0 L



‘ (140(4 — 120 — 20(7)47]’ + (146(8 — 219 — 12&11)(/)]'+1 Zit1 At(t—t))
A it T dt
+j;) I (2007 — 91 + 7og + 203)AT ] 2 /z]. Pzt
7’1',]'
i=1 r(16a7 — 28ay + 12a6) M; + (16419 — 28ag + 12011 ) M zj At(t=t)
n (16a7 4 6)M; + (16a19 8 11)Mj1 Az/mlp(zi,t)e D
=L (207 — 91 + 7aeg + 203) AT 2
=1 1 (8ag + 47 — 1209) @; + (8a11 — 12005 + 4) Zj Ar(t-t))
n (8o 7 9)({’] (811 8 )90]+1 7\2/]+1¢(Zi,t)€ L g
prill (207 — 9oy + 7oy + 203)AT 2
8ij
i1 -(24061 — 8ng — 160(7)M]‘ + (240(8 — 1609 — 80(11)M]'+1 Zj+1 At(t=t))
A L He s di 4+ O(h%).
oy L A [ [ gt a0t
1 i—1
= i — 203 — i — (1206 — —4 ila;i
f(Zl) + 207 — 9y + 7y + 203 <§) |:(3[X6 " 0‘0)90] ( "o = 80 “3)M] K
i-1r
_ (20{8 — 309 + uclo)(ij -+ (120&9 — 8w19 — 40(8)M]‘+1:| ai
=0t
i-1r
+ (40&3 — 301 — 70(4)(Pj + (280(4 —24pq — 40(3)ij| bi,j
=0t
i—-1r
+ (40&11 — 709 + 30&10)§0]‘+1 + (28069 — 41y — 240(10)M]'+1:| bi,]'
=0t
i—-1r
+ (141){4 — 1206 — 20(7)4)]' + (16067 — 284 + 120‘6)ij| Cij
=0t
i—-1r
+ (141)(8 — 2019 — 120611)(p]'+1 + (161)(10 — 28ag + 120611)M]'+1:| Cij
=L
i-1r
+ (806() + 4067 — 120&9)(/)]‘ + (240(1 — 80(0 — 16067)ij| di,]'
=L
i—-1r
+ (80&11 — 1208 + 4)q0]'+1 + (24.0(8 — 1609 — 80(11)M]'+1:| di,]'
=L
i—-1r
+ (3066 — 203 — D(o)gl)]' — (12“6 — 8w — 4&3)M]'] e
=0t
i-1r
— (2“8 — 39 + Délo)qo]'_H + (120(9 — 819 — 40(8)M]'+1:| €
=0t
i-1r
+ (40(3 + 31 — 7&4)§0]' + (280(4 —24pq — 4DC3>M]:| i
j=ol
i-1r
+ (40&11 — 709 + 30&10)g0j+1 + (280(9 —4nqq — 240(10)M]‘+1:| i
=0t
i—1r
+ (140(4 — 120 — 20(7)(p]‘ + (160&7 — 2804 + 120&6)ij| tij
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(146(3 — 2019 — 120&11)4)]‘4_1 + (166(10 — 28ag + 120(11)M]'+1] Tij

+ o+
~ S -~
LI

(8ag + 4ay — 1209) @; + (241 — 8ap — 16“7)M]} Qi

- =
Il
- O

+ (8&11 — 12ag — 4)q0]'+1 + (24068 — 16ag — 80611)M]‘+1:| gi,]') + O(h4).

—~.
Il
(=)

Suppose that a;,, = bjg = ¢;y = dip = €jn = Vig = hin = gip = 0,and A = 4;;,B =1;;,C =
¢ijD=dij,E=e;,V=0;R=ri;,G=gi;,F = (fo, fi,....fN),M = (Mo, My, ..., My)T,® =
(9o, 1,--.,¢n)T. Substituting the spline representation and simplifying leads to the matrix
equation:
F F
0 o 1 M,
207 — 91 + 7oy + 203 2007 — 90 + 7oy + 203

®=F+ (3.1)

where
Fo= {((3“6 — 203 —ag) — (208 — 3oo +av19) ) A + ((4az — g — 7arg) + (4avq1 — 7009 + 3010) ) B+

((140q — 1206 — 2a7) + (14ag — 2090 — 120011) ) C + ((8ro + 4oy — 12a9) + (817 — 1205 +4))D +
((Bag — 2003 — ) — (20g — 3o 4+ a10) ) E + ((4as + a1 — 7ag) + (daqg — 7o9 + 3q0) )V + ((14aq —

120(6 — 20(7) + (140(8 — 20610 — 120(11))H + ((80(0 + 40(7 — 120&9) + (80611 — 12068 — 4)):|

and
ﬁl = |:((—120(6 + 80(0 + 4:0(3) + (120(9 — 80(10 — 4“8))A + (280(4 — 246(1 — 46(3) + (28069 — 40611 —

240(10))3 + ((16&7 — 2804 + 12“6) + (160(10 — 28ng + 120(11))C + ((24&1 — 8w — 160(7) + (24&8 —
1609 — 8a11)) D + ((1206 — 8ag — 4a3) + (12009 — 8twyg — 4ag) ) ) E + ((28ay — 2401 — 4az) + (289 —
40(11 — 240(10))V + ((16067 — 281)(4 + 120(6) + (160610 — 28068 + 121)(11))1‘1 + ((24061 — 80(0 — 16067) +

(246(8 — 16069 — 8&11))G:| .
Substituting equation (2.4) into (3.1) yields:

£ I3 A A -1
F=®&-— D — FO, — &=|I-F —F F,
207 — g + 7ag + 203 207 — g + 7oeq + 203 [ 2 3]
. ) (3.2)
where b=t and =+ F

2007 =901 +704+203 207 —9a1+704+203 7 *
Finally, the exact solution ¢ is approximated by the exponential spline function

S= §j, where

§01) = (Bag — 203 — o) Pj — (2a — 39 + (10) Pj 41
] (20(7 —9n1 +70q4 + 2063)
B (1206 — 8ap — 4“3)Mj + (1209 — 81 — 4"‘8)Mj+1 AT(E—t)
(207 — 91 + 7oes + 203) AT
(4a3 + 301 — 7ag) P; + (dar1 — 7o + 3w10) Piy1
(207 — 91 + 7y + 2a3)
(2804 — 247 — 4az) M + (280g — 4ayy — 24a10) Misq gl

(207 — 91 + 7oy + 203)AT ‘
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(140s — 1206 — 2a7) j + (1405 — 2010 — 12011) P11
(207 — 91 + 70q + 2a3)
1607 — 28y + 1206) M; + (16a19 — 28ag -+ 12011) M1\ A1)
] J e 4

(207 — 9aq + 7og + 203) AT

(8ag + 4oy — 12a9) @j + (811 — 12005 + 4) P11
(207 — 91 + 70g + 2a3)

2401 — 8ag — 1607 ) M; + (24ng — 1609 — 8ay1) M; Ar(t-t;)
(24m 0 7)M; + (24as 9 11) ]H)e 2| L o). (33)

8
(207 — 9aq + 7ag + 203) AT

(3ag — 203 — o) (@j — Pj) — (2a8 — B9 + 10) (@j+1 — Pj41)
(20(7 — 91 + 704 + 2&3)
(1206 — 8ag — 40&3)2\711‘ + (1209 — 8av1p — 4“8)Mj+1 AT(E1)
(207 — 9aq + 7ag + 203) AT
(403 + 301 — 7oeg) @ + (411 — 7o + 3a10) P
(207 — 91 + 700q + 203)
(2804 — 24 — 4az) M + (2809 — 4oy — 24a10) Myq ew
(207 — 9y + 7o + 203) AT
(1404 — 12006 — 2a7) @j + (14ag — 2019 — 12011) Pjy1
(207 — 91 + 7o + 2a3)
N (1607 — 28y + 1206) M + (16010 — 28 + 12a11) M1 ew
(20&7 — 901 + 70q + 2063)/\”(
(8060 +4ny — 12069)@1' + (80(11 — 1208 + 4) (f7j+1
(207 — 91 + 7o + 2a3)

_|_

+

N (2401 — 8ug — 16a7) M; + (24as — 1609 — 8a11) M1 ) + 00
(207 — 9y + 7oeg + 203) AT !
Hence, the error estimate is given by
8] < ool (34)

where 0y is a constant.

4 Error estimation

Lemma 4.1 ( [5]). Assume B is a square matrix with ||B|| < 1. Then, the matrix (I — B) is invertible,
and ||(I — B) e < m.

Lemma 4.2. The matrix [I — E; — E3] in equation (3.2) is invertible if:

19| 0 (a1 — a0) (\/Z+’yoh3> < 1.

Assuming ¢ € C*I] and ¢ € C*{I x I], we obtain:

lé]lo < oh*,
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where o is a constant.

Proof. For j =0,1,...,n, we have:

1Alloo = |Elleo < l[9]leo(ar — a0)h,
I1Blloo = | Vlleo < l[§]leo(ar — a0)4e*™”,
IClloo = IRlloo < [[lleo(ar — ag)]e*™* — 1],
IDfloo = Glles < ll#lloo(ar — a0) |1 — &'V,
1Blleo < [[1]loo(a1 — ao)
( )
( ).

m

4

1Bslleo < [19lloo(ar — a0)e™™,
[Ml[eo < [liplleo(ar — a0

By Lemma 1, equation (3.2) has a unique solution ®. Equation (3.4) defines a unique solution

§]-, and we obtain:
h
Iiaton =) (/2 20) <3

lellco < h,

and

(4}

[l 1loo (a1 —a0) ( VE+yomhd

constant. |

where ¢ is a product of the matrices Aland B, 0 =

),andcfisa

5 Numerical results

In this section, three examples are presented to illustrate the accuracy of the method. The
least-squares error (L.S.E.) is used:

M
Y lo(z) — dn(z)),

where M is a natural number. All computations are performed using Python with N = 3,
[a0,a1] = [0,1], A = 109, and T = 0.060920. State the purpose of Examples 5.1, 5.2, and
5.3: to test the Exponential Spline Function (ESF) method on the given problem (a specific
integral equation defined by the preceding matrix equations and functions). Confirm that the
numerical solution obtained by the ESF method will be compared against the exact solution.

Example 5.1 ( [2]).

Z

0(z) = f@) + M [ wz e di+ s [y e,

aop aop

2 1
where f(z) = 37 §z4, AMp =1, P(z,t) =zt, and ¢(z) =
From the example consideration, the following constants and equations have been found:
z =0, 0.33333333, 0.66666667, 1],
ng = 1.1805813657639121, x1 = 1.318742107424998, o, = 1.2137015634931758,
a3 = 1.086545611451223, x4 = 1.28275550193187, a5 = 1.3557382862724932,
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ag = 1.1483649713505713, a7y = 1.3937723611889843, ag = 1.117027716739953,

xg = 1.0568953196698114, 19 = 1.028054142382497, w11 = 1.2477509199652725,

Bo = 0.9203479259967465, 1 = 0.9461674977540951, B, = 0.8708032942035129,

B3 = 0.9727114154537795, B4 = 0.8470403048865129, B5 = 0.8239257739125609,

Be = 0.8952329338062456, 69 = —0.0031204734921743693, 61 = 0.0002075484925732063,
dr» = —0.21475300366307382, 7o = 0.2123534639495812, 1 = 30.916508342344425,

72 = 10.100432045686839.

Equation (2.4) became:

(—0.0031204734921743693) M; _; + (0.0002075484925732063) M; + (—0.21475300366307382) M, 4, =
(0.060920) [ (0.2123534639495812) ;1 + (30.916508342344425) ¢; + (10.100432045686839) ;.1 ]

Then this system has been solved to obtain the M;’s values:

My 0

M, —3.33500116¢ + 05

M, | = | —3.25937066¢ + 02

M3 4.83909718¢ + 03

My 0

Also

ag —2376.36772965 bo 17273.02091979
ar| | —2537.1627293 bi| _ [19133.92868832
a| 31.99263033 |’ |by| | —231.86574973 |
as 36.76941649 bs —277.30606547
co —35184.48865184 do 20287.80799257
c1| | —39700.44412914 di|  |23104.00249541
ol| 471.59136581 “ldy| | —271.04212668
c3 575.38541876 ds —333.82085563

Then, all previous values have been put in equation (2.1) to obtain:

So _237660.664(270) + 1727360.332(270.33333) _ 3518560.166(270.6667) + 2028860.0830(271)

Sq _2537_260.664(270) + 1913460.332(270.33333) _ 3970060.166(270.6667) 4 2310460.0830(271)

S, = 31.99360'664(2_0) _ 231.8657@0'332(2_0'33333) + 471‘591360.166(2—0.6667) _ 271.042180’0830(2_1)
Sy 36.7694160'664(Z_0) _ 277.306060'332(2_0'33333) + 575.385460.166(2—0.6667) _ 333.820960'0830(2_1)

So, S; values have been placed in equation (3.1) to obtain:

Dy 0

@y | [0.29904978412519906
®,| | 0.7049880963155819
D3 0.9245701119914043

Table 5.1 compares the exact solution with the ESF approximation using only N = 3 grid
points. The absolute errors 3.4 x 1072,3.8 x 1072, and 7.5 x 1072 are notably small, and the
leastsquares error is merely 8 x 1073. Such low errors, obtained with such a coarse mesh, attest
to the high precision and efficiency of the ESF scheme. When the number of grid points is
increased to N = 10 (Figure 5.1), the ESF and exact curves become visually indistinguishable,
confirming the method’s rapid convergence and robustness even with minimal discretization.
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z Exact solution ESF method Absolute error
0 0 0 0
0.33333333 0.33333333 0.29904978 3.4 x 1072
0.66666667 0.66666667 0.70498810 3.8 x 1072
1 1 0.92457011 7.5 % 1072
LSE. =8x1073

Table 5.1: Comparison between exact solutions and ESF method with N = 3 for Example 5.1.

1.0

—&— Exact
—8— Exponential Spline

0.8

0.6 1

N

0.4 4

0.2 1

0.0 T T T T

0.0 0.2 0.4 0.6 0.8 1.0

Solutions

Figure 5.1: Comparison of the exact solution and exponential spline method results with
N = 10 for Example 5.1.

Example 5.2 ( [13]).

vy(z,t) =z —t, Pr(z,t) =z +t, and ¢(z) = 2%
The comparison for N = 3 is shown in Table 5.2, and for N = 10 in Figure 5.2.
Example 5.3 ( [3]).

zZ

02) = f)+ M [y e+ [ gz e()d,

where f(z) = cos(z) (;z — i) + icos(z —z), M2=1,
Yy (z,t) =sin(z —t), Pr(z,t) = cos(z —t), and ¢@(z) = sin(z).

The comparison for N = 3 is shown in Table 5.3, and for N = 10 in Figure 5.3.
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z Exact solution ESF method Absolute error

0 0 0.25 25x 107!
0.11111111 0.01234568 0.11989119 1.1 x 1071
0.44444444 0.19753086 0.29144929 9.4 x 1072

1 1 1.09994527 9.9 x 1072

LSE. =9 x 102

Table 5.2: Comparison between exact solutions and ESF method with N = 3 for Example 5.2.

1.0
—&— Exact
—8— Exponential Spline

0.8

0.6

N

0.4 1

0.2

0.0 T T T T T

0.0 0.2 0.4 0.6 0.8 1.0

Solutions

Figure 5.2: Comparison of the exact solution and exponential spline method results with
N = 10 for Example 5.2.

z Exact solution ESF method Absolute error

0 0 0.35 35x 107!
0.5 0.47942554 0.49389696 1.4 x 1072
0.75 0.68163876 0.73903126 5.7 x 1072

1 0.84147098 0.89399123 52 %1072

LSE. =1x10""!

Table 5.3: Comparison between exact solutions and ESF method with N = 3 for Example 5.3.

LS.E. Example 5.1 | Example 5.2 | Example 5.3
ESF method | 8 x10°° 9 x 102 1x10°!
In [2,3,13] 1x1071 - 0.9

Table 5.4: Comparison between ESF method and previous methods for least squares error

with N = 3.
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1.0

—8— Exact
—®— Exponential Spline
0.8
0.6
N
0.4
0.2 1
0.0 T T T T
0.0 0.2 0.4 0.6 0.8 1.0

Solutions

Figure 5.3: Comparison of the exact solution and exponential spline method results with
N = 10 for Example 5.3.

6 Conclusion

This study introduces a novel numerical technique for solving linear Volterra-Fredholm inte-
gral equations of the second kind. The proposed method utilizes an innovative application
of the exponential spline function (ESF). To establish the robustness and accuracy of this ap-
proach, several essential lemmas and theorems have been rigorously proven, supporting a
comprehensive convergence analysis. Furthermore, a dedicated Python program was devel-
oped to generate and visualize both the exact and approximate solutions. These results, pre-
sented in detailed tables and figures, demonstrate that the proposed method offers superior
performance compared to existing approaches in the field.
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